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ABSTRACT 

This is a narrative review of research in mathematics 
education reported during 1987. The purpose of this review is to 
extract from research reports ideas that may prove useful to school 
practitioners. Major sections are: (1) "Planning for Instruction" 
(relating historical developments, aides and grades, teaching 
approaches, prolDlem solving, drill practice, mental computations, and 
attitudinal factors); (2) "Mathematical Content and Materials"; (3) 
"Individual Differences, Evaluation, and Learning Theory"; (4) 
"Teacher Education" (containing research on preservice and inservice 
teacher education); (5) "College Level Instruction" (considering 
prominent researchers and teachers, content, learning, prediction of 
success, word prolDlems, student errors, remediation, computers, 
anxiety and sex differences); (6) "Research Summaries"; and (7) 
"Epilogue: Recommendations for Future Research" (identifying 11 
prolDlem areas). A total of 288 references are listed. (YP) 
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PREFACE 



This H a narrative review of research in n»then»tics education 
reported during 1987. It is intended primarily for school practi- 
tioners: teachers, supervisors, principals, and superintendents. 
It is hoped that it will also be useful to college professors 
and researchers in mathematics education. As is true of most 
narrative reviews, the purpose of this review is to extract from 
research reports ideas that may prove useful to practitioners. 
There is no claim that the ideas which are highlighted throughout 
the volume represent stable results that enjoy a high degree of 
certainty. If you like an idea, try it with your classes, and, 
perhaps, even research that idea in greater detail. It is through 
the collective judgments of practitioners that "conventional wisdom" 
grows and hopefully improves mathematics education. 

This is not a novel! One should not read it from the first 
page to the last, but rather one should approach the work with 
an encyclopedic attitude. This can be done in at least two ways. 
One approach is to read the Introduction, scan the Table of Contents, 
and select the pages that interest you; and a second approach is 
to thumb through the pages, reading the ideas in rectangles until 
you find one that fascinates you, then read about the research 
related to the idea. For those who wish to dig deeper, the list of 
references at the end of the volume will provide further information. 

ihis review is an outgrowth of the compilation of research 
studies completed by Marilyn Suydam and reported in the July 1988 
issue of the Journal for Research in Mathematics Education . Suydam 
included 20 research summaries, 165 articles, and 290 dissertations 
in that compilation. She also provided short annotations for those 
reports which were felt to be most germane to mathematics education 
in North America. These annotated items became the primary focus 
of this review, but, in addition, other documents in the ERIC system, 
primarily research reports given at professional meetings, were 
reviewed. 

The review is analytic, synthetic, and summative. An attempt 
was made to analyze the research reports, synthesize their primary 
findings, and provide a summative statement that would capture the 
essence of each report. Throughout the volume, ideas that might be 
particularly useful to practitioners are highlighted by enclosing 
them in rectangles. 

ftony deserve thanks and deep appreciation: the hundreds 
of researchers who spent countless hours in their research and 
writing; the reviewers and editors who helped fashion the final 



vi 



reports of these researchers; Robert W. Howe and the staff at the 
ERIC Clearinghouse for Science, Mathematics, and Environmental 
Education who provided copies of the reports; Marilyn Suydam who 
gave invaluable editorial advice and assistance; John Dossey and 
an anonymous reviewer from OERI who made insightful suggestions 
for improvement of the volume; Janie Blackburn who patiently 
typed and edited the entire manuscript; and the countless school 
practitioners who provided the initial impetus for this report. 



Donald J. Dessart 



February, 1989 
Knoxville, Tennessee 
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As you have noted from the title, this publication summar zes the 
research in mathematics education for one year, 1987. In that year, 
165 articles describing research studies were published, plus 290 
dissertations, 19 research summaries on individual mathematical 
topics, and several dozen ERIC documents. These numbers are cited so 
that you become aware that developing this summary was no easy task. 

To prepare this summary, we turned to a leading mathematics educator 
with a great deal of experience in this field. Donald J. Dessart has 
had a distinguished career of working with preservice and inservice 
teacher education programs. He has had wide experience in 
interpreting research findings for the classroom teacher, including 
the publication of several interpretive summaries for the National 
Council of Teachers of Mathematics. And among other facets of his 
background is his service at the National Science Foundation, where, 
among other things, he considered indicators of good mathematics 
instruction. 

Dr. Dessart is uniquely qualified to prepare this summary not only by 
nis background, but by his careful, thorough approach to such a task. 
He not only sifted through the masses of words, but culled the studies 
for their meaning and their usefulness to teachers. It is apparent 
that he brings his own teaching experience to this effort, 
highlighting points of particular interest to teachers. 

We are very pleased that he agreed to prepare this summary and hope 
that you, the reader, will find his analysis not only interesting but 
useful. " 

We 'fould also like to thank a very busy person who reviewed this 
manuscript for us: John A. Dossey, Professor of Mathematics at 
Illinois State University, and Past President of the National Council 
pf Teachers of Mathematics. His perspective on research has been of 
immense help. 



Marilyn N. Suydam 
Associate Director 
Mathematics Education 



teacher education consisted of studies of opinions of teachers 
about mathematics and the teaching of mathematics and effective 
models for inservice teacher education. 

Section V. College-Level Instruction, nine major research 
topics are considered. These include prominent teachers and 

learning, prediction of su-.cess, studies of word problems, studies 
jL'inJ!"* errors, remediation of mathematical diff?cuU es conLe 
students and computers, and mathematical anxiety and gender differences 
Most of the research was done on problems related to the first two 
years of college rather than later years. 

Section VI, Research Summaries, consists of five sections- 

™t?c";"f u^;??nn''?''r' Investigations in a.';h.- 

TOtics Education, topical narrative reviews, singfe topk reviews 

sSLSHfr^i^"'"' -^ta-analytic and be^t-evidlnce ynthe es 
Sutnnaries of research are often very dif.^icult endeavors but aro 

:i?a"a;:fvt'?r'''%^'S' I'' V'' waJdeHnVa : i : ; 'V 
7J^^;;3u?I^cI^;"J/^'*"f^^^*"" syntheses represent efforts to 
introduce statistical rigor into the review process. 

R«rnnSSJ^?? ^"i Concluding section, is entitled "Epilogue: 
Recommendations for Future Research." In this section, the author 

?ese^' chlf?J rts"'?Eese'e°/'''"'''^ '''''' '^''"'^ a?e;s for ^JESre 

^s;re^"^?:^^^?VeIea"ch1s?e"est"" 

Finally, the reader is urged to read the Preface for suaaestions 

edu..°Hn': '"^ 5'"?^ ^«P°^* °^ ^"^a^cf' "latSemaSi?! 
education reported during 1987. 
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I. PLANNING FOR INSTRUCTION 



Many hours of work and effort take place before the teacher 
entars the classroom. This Planning by supervisors, teachers, 
teacher-aides, parents, and students is absolutely essential to 
the success of the teaching enterprise. Consequently, rasearch 
on topics related tc "planning for instruction" is wanted and 
needed by the mathematics education community 

In this section on "Planning for Instruction" of this review 
and synthesis of research in mathematics education reported during 
1987, we shall look at six broad areas of research: historical 
developments; aides and grades; teaching approaches; problem solving; 
drill, practice, and mental computation; and attitudinal factors. 
Each of these topics should be the subject of thought and planning 
before the teacher enters the classroom, and research on these topics 
should aid the teacher in coping with the day-to-day realities of 
teaching mathenidtics. 

Historical study helps us to understand the present by under- 
standing the past ai.v'' more importantly to insure that we may avoid 
the pitfalls and mistakes of the past. Teacher aides are becoming 
increasingly important to mathematics teachers and especially to 
teachers of less- talented students. Teaching approaches, whether 
geometrical or ways to educate foreign-born students, are important. 
Problem solving is the central focus of attention of many, many 
mathematics educators. A document without a discussion of problem 
solving is seriously lacking. Drill, practice, and mental computation 
have been the interests of researchers in mathematics education 
for decades. Although research interest has diminished somewhat 
in recent years, drill and practice still are crucial topics 
for Planning. Finally, attitudes of students toward mathematics, 
computers, and themselves determine the success or failure of 
students in ways that are often unrelated to mathemacical abilities. 

Historical Developments 

Taking an historical view in research on mathematics and 
mathematics education always seems to produce interesting and 
revealing conclusions. Harper (February, 1987) examined children's 
conceptual development of certain algebraic ideas related to 
their historical development. McConnel (April, 1987) studied 
the evolution of objectives in secondary school teaching of 
mathematics during the period of 1918-82. DuPre (January, 1987) 
and Nibbelink, Stockdale, Hoover, and Mangru (September, 1987) 
reviewed the modern mathematics movement during the passage of 
some 25 years. 
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Algebraic Concepts. Should mathematical concepts be taught 
iMS"";. ^ tjelr phy ogenetic evolution, that is. the way in 
wicn the mathematical concept evolved in history? Mathematics 
educators have debated or at least discussed this notion ?;om"ime 
to time. Harper looked at the historical evolution of algebraic 
rSrfnSl'.?"^ 2"* ^^^y ^''^^ P«"d through th?Ie stages: 

rfnih^^ni%J^'°''?*S*': symbolic. Rhetorical aigebra is the 
algebra of the period before Diophantus (about 250 AD), when 

Ji? ^°"9hand and symbols were 

?2 "sedi syncopated algebra extended from the time of Diophantus 
through the end of the sixteenth century, during whi?h t iStSIrs 
came to represent unknown quantities; and finally symbolic ainoh^I 
luwJyj''..'^^ (about'l580). used Tetier ti ?S^?e Int'I??5;;* 

RMt^ST" P7""*ed a pr- lem similar to the following to 144 
I!h?*ll?e"ra"!:e3Vr;7f?;y!''"^ '''''''' '"'^ ^"^^ ' '^-"S'' 

Problem: Suppose the sum of two numbers is 100 
and their difference 40. What are the 
two numbers? 

He observed students solving the problem, in which they 
JSI cJ^i^^t*^ " " The methods used by 

ml ^ll Tnln"^? classified as "Rhetorical" if the student Sid 

sSi b!% ?hJ 5 ^^'^^^f" ? P^°'>^e'"» e-g- divide the 

nn!»i^ ^%Jf® difference by 2. and add utese two to get one of the 
n^^rZ* '^^?Pj«"*^"e" tl^e pupil used a symbol to represent an 
unknown quantity, e.g. . x + y « 100. x - y « 40. 2x = 140 T» 70- 
;"J„I^"*"i "Vietan"^f the student 'introduced n as the sim o? * 
Lu^tLl V* difference of x and y. producing the general 
equations, x + y - n and x - y » m, so that x - m + n. 

Rh^toH^;,f^®T"n]"K°^^® "'S °^ ^^^^^ varied from 

Rhetorical 4. Diophantine: 0. and Vietan: 0 in year 1 (about 

11 years o d) to Rhetorical: 0. Diophantine: 4. and Vietirio 
orJilVt J'^S' r*"' ^^^^'^ Rhetorical applSacS ^ 
in tSl iJtl? lllrr ^ "^^^^^ prevalent 

cwc*n?I''®[ ?^JSS*' ^''^^ **®P ^^o"" ^fie Diophantine to the Vietan 

*° Change takes place 

in less than five years in the classroom. It is also suggested that, 
perhaps, tne introduction of symbols into classroom algebFa might 



be delayed until the Vietan case is needed. Most mathematics 
educators would probably find this practice difficult to accomplish 
in the classroom. 

Objectives in Secondary School Mathematics . McConnel (April, 
1987) identified and classified objectives for teaching secondary 
school mathematics in the United States from 1918-1982 as reflected 
in statements of objectives found in the periodical literature. The 
statements were classified into Knowledge, Process, Attitude and 
Interest, or Cultural Awareness categories. Surprisingly, statements 
in the Cultural Awareness category were most numerous, followed by 
those in the Process Category. Also, the objectives rated as most 
important in the literature came from the Cultural Awareness and 
Process categories. 

Modern Mathematics . The modern mathematics era has been 
subjected to rather severe criticism in recent ye^rs. DuPre 
(January, 1987) investigated the validity of these criticisms 
as related to the University of Illinois Committee on School 
Mathematics (UICSM) materials. The purpose of UICSM, originated 
in the 1950s, was to prepare secondary school materials so that 
students entering college could begin immediately the study of 
calculus and analytic geometry. 

DuPre summarized the criticisms of the new mathematics into 
nine questions which were then sent to former UICSM staff members. 
Not surprisingly the responses were quite favorable to UICSM. 
DuPre concluded that UICSM did not deserve much of the criticism 
that was directed toward modern mathematics programs and that the 
UICSM program, if taught in the way it had been intended, would 
have produced better achievement than did the traditional curriculum. 
This latter conclusion is subject to much speculation, but one 
cannot dispute the finding that modern mathematics programs did 
stimulate greater involvement of mathematical specialists in 
curricular reform movements. 



Modem mtheinatlcs has been subject to much 
criticism, some valid and some Invalid; how- 
ever, no one can dispute that It stimulated 
the Interest of many mathematical specialists 
In curriculum reform. 



One of the interesting analyses of the modern mathematics 
movement in relation to other periods of mathematical development 




VSIt? °'tJ®^ Nibbelink. Stockdale. Hoover, and Mangru (September. 
1987) They studied the period from 1955 to 1985 in relation 
to textbook ^racticen and achievement trends in problem solving 
in the elemen*-ary grades. They partitioned the 30-year period 
into four broad periods: (a) Old Math (the late 1950s); (b) 

^Ia i'"^^o5SV?? 7°^^' Aftermath (the late 70s); 

and (d) New Old Math (the early and late 80s). 

They analyzed the three textbook series that had been most 
widely used in Iowa during each of the three periods. In oarticular 
U? ™ ;?? ^? ^^^^^ iSto tSe caLgone 

iJnhi!^ S^* 'J^E; ^^'^ ^'^^^ and (c) like pHor 

SrSpH?; nS"^.'"^^^^?"""^!* represents a difficulty 

Zt LJli ^ J^! problems from most to least difficult. During the 
!o i?ii.?rr'*; JJ' Pe":entage of multiple-step problems dropped 
Jon? ^^T.^ f ^^o"" 27 percent in the late 1950s 

nrli?i"^ *^! '^f? percentages of multiple-sJ^p 

problems gradually rose until they reached 20 percent iS the iSte 



«uHnf?y^L iJ®^^?"-^®*^ lo*** Testing Programs 

maintained a method for making absolute achievement comparisons 
over various subtests. In particular, if one traces achieverent 

?S J«Tnl".P!;°'^^"" ^^"^ ^' 5. and 6 during 

30-year period, some coinnon patterns are found. Mathematical 
problem solving reached its highest point in about 1965 and its 
lowest point in 1975, with gradual gains occurring in the 19Ms. 

The authors noted that during the Old Math era it was a 
common practice to introduce new concepts with a story problem, 
whereas, in the New Math i^eriod. concepts and definitions were 

fli^flifr^ !'"ff*!^%n^J'* ^ deemphasis upon problem solving. The 
Aftermath era (late 70s> . -*ss2d "back to basics" with concern 

Jrn'Kf«!:''"*f ''^^'"''^ « ^'"vy emphasis uTon 

problem solving in the <>0- These trends appear to parallel 
the achievement patten^s n.blm solving discussed earlier. 



Achleveaent In problea solving of students 
In grades 4. 5 » and 6 dropped In Iowa during 
the years of the New Mathentlcs (1965-1975) 
probably due to less enphasis In classrcoas 
upon problea solving. 
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Aides and Grades 



Teacher aides are becoming more prevalent and useful In 
tlie classroom. Palmer (March, 1987) explored the usage of student 
teachers as aides In middle school mathematics classes. Middle 
school students were also the subject of a study by Maclver (October, 
1987), who Investigated the Influence of various classroom and 
student characteristics upon students' self-assessments of their 
mathematical abilities. 

Aides. Palmer organized two pre-algebra classes and three 
remedial general mathematics classes with student teachers as 
aides. There were also four remedial general mathematics classes 
that were taught by two-teacher teams. All classes were observed 
using a coding system based upon process-products. The students 
and teachers were also Interviewed and field data were collected 
to establish, trends and themes. 

The remedial general mathematics classes with student teacher 
aides exhibited more students on task, fewer off- task behaviors, 
very few students waiting for assistance, more time on er '-e class 
teaching, and a brisk lesson pace, when compared with remedial 
general mathematics classes with only the teachers. Consequently, 
the use of student aides represented very positive features for 
these classes. The classes with two teachers were also Influenced 
positively with high-level Interactive lessons. However, not 
surprisingly, student teachers as aides appeared to produce very 
few differences In the pre-algebra classes. 

Grades. Maclver reported that the literature suggests that 
upper elementary school pupils are strongly Inclined to feel that 
they are mathematically competent. One iray wonder why students 
of varying abilities may reach such a conclusion. In particular, 
do classroom tasks, grading practices, or grouping procedures 
Influence these positive self evaluations? 

After analyzing data on 1,570 upper elementary students 
(primarily fifth and sixth graders), Maclver concluded that the 
combination of differentiated task structures (e.g., students 
are provided choices of various class lessons) and Infrequent 
grades was associated with the students' low reliance upon adult 
assessments (e.g., what the teacher thinks of me as a student) and 
across-domain comparisons (e.g., how well do I do In mathematics 
compared to other subjects) for their positive self-concepts In 
mathematics. But the combination of differentiated task structure 
and frequent grades was associated with heavy reliance upon adult 
assessments for the positive self concept. Since grades are often 
a product of adult assessments of children and frequently given 
grades reinforces this fact with children. It Is understandable 
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that children would rely upon grades for positive self-concepts 
When grades are given infrequently, less talented students lookto 
selective social comparisons (e.g.. how well do I do in mathematics 
ln comparison to other children) and exaggerated estimates of their 
mastery of mathematical tasks for their positive self-concepts. 

Teaching Approaches 

As the teacher of any grade level approaches the teaching 
assignment, he or she must be concerned with many factors that 
will influence his or lier students and classes. In the United 
States, we are continuing to have students enter our schools 
who had their earlier schooling in other lands and cultures. 
Quite naturally the teacher thinks and plans according to the 
logic of his or her own culture; but can this logic differ 
drastically from the logic of other cultures? 

The Whorf Hvpothesis. Zepp (February, 1987) discussed the 
Whorf Hypothesis. This hypothesis contends that a student's 
thinking and logical processes are dependent on the student's 
first language. Consequently, when students attempt thinking and 
reasoning in a second language, they experience great difficulty 
and probably return to the first language to carry out the thought 
processes. One might speculate that if the great mathematicians 
2L I! ^11 ^Vl J!^®** ^" cultures different from the ones that they 
did that the field of mathematics might have grown quite differently 
than it has. 



The Hhorf Hypothesis contends that one's thinking 
and loglcfil thought processes are dependent on his 
or her first language. Does this possibility create 
learning difficulties for students new to our culture? 



Zepp administered a logic test consisting of implicational and 
disjunctive sentences ^n English to first- language English students, 
in Chinese to f J -st- language Chinese students, and in English to 
Chinese students of an English language university. No differences 
were found in their ability to make implications. Differences 
among the groups on the disjunctive sentences were attributed to 
poor command of and low confidence in English. Logic and language 
are vital factors, but grouping practices and types of instruction 
also affect learning. 
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Paired Learning and Direct Instruction . Delgado (December, 
1987) compared paired learning with individual learning for 166 
fifth-grade Mexican-American students learning division in four 
schools in San Jose, California. It was hoped that students working 
in pairs would have improved attitudes toward mathematics, would 
exhibit greater time on task, and would achieve higher than students 
working alone. A regression analysis revealed no significant 
differences between the paired and the working alone treatments. 

Cruz de Nason (May, 1987) looked at the effects of teaching 12 
relational concepts to first-grade students in schools of low-income 
families in Puerto Rico. A Spanish version of the Boehm Test of 
Basic Concepts was given as a pretest and a posttest to two randomly 
assigned groups of children: the Instructed Group (75 students) 
and the Traditional Group (50 students). The Instructed Group 
received 32 lessons on 12 concepts missed most frequently on the 
pretest. The Traditional Group received non-systematic instruction. 
The results revealed that the systematic instruction had beneficial 
effects on concept acquisition, with differences between the two 
groups being greatest on the targeted concepts. 

Keogh (January, 1987) studied the effectiveness of self- 
instructional and didactic instructional methods with both normal 
first graders and mildly mentally retarded youngsters. The results 
suggested that the self-instructional method was superior to the 
didactic instructional method in learning mathematical skills, 
particularly with low ability and mentally retarded children. 

Traditional and Transformational Geometry . Bradley (October, 
1987) compared the effects on student achievement of a traditional 
and a transformational approach to teaching geometry. Two groups 
of eleventh-grade students in a suburban college preparatory school 
learned geometry by each of the two methods. The two groups were 
shown to be equivalent in aptitude and knowledge of geometry before 
the study began. 

For five and one-half months, one group received traditional 
geometrical instruction, whereas, the other group received geometrical 
instruction based upon transformations (reflections, translations, 
rotations, and dilations). Posttesting of the two groups revealed 
that both had achieved adequately in geometrical understandings, 
with the transformational class showing greater gains. Surprisingly, 
the transformational class also showed a greater gain in its under- 
standing of formal geometry than the tradit.onal group. 

Problem Solving 

The current, broad interest in problem solving among mathematics 
educators was reflected in the large number of research studies 



completed in 1987 1n the area of problem sol vino The studi«e r.n 
be part tioned into three broad categories: S?* heuns?i« L 
strategies that are used in solving problems; (b) faciJrs ?hat 
may stimulate problem-solving behaviors; and (c) the evaluation 

research related to each of the thr« b?o" categSnlsI 

. ,u "°"r<st1cs o f Problem SoU<n. dirical trterv1>» is , 

orad.rl'ir.w"''"!"' ''.1'""' <"t«rv)ews with two high-abilUv first 

fh! rh^^M^* three-shape addition problem in which 

cJrrio^J ? ^^"^5 the number of chips in each 

requested to construct triangles, squares, trapezoids, or rectangles. 

The male. Jesse, certified by the school district as niffa. 
fZuV.'V''^'' *° ^PPly apSrthem June ^el? ?Se 

he thouSJ5'jrJ'rorip??%*'?"^^ *° P""^^^* ^" « procedure that 
th>fT? t correct but was very willing to change any answer 

iafre uctIn?"5o'rJr °" thi o? er a^SI 

ar:a^°^e^^^;^:^tr^ru^^°"' '^^-^^^ 

be thriS^JT JSHh^"^ the intrinsic problem solver would 
De the more productive problem solver when compared to the extrinsic 
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problem solver. She felt that her observations supported this 
assumption. She further noted that if this assumption is correct 
then ttachers should delay offering rules, reinforcing answers, 
and emphasizing algorithms, and instead stress personal methods 
of solving problems. She also observed that the conventional 
method of identifying gifted students by test scores seemed to 
identify the poorer problem solver in this one case. 

Oe Corte and Verschaffel (November, 1987) collected data on 
the problem representations and solution strategies of 30 first 
graders in three interviews over an academic year. The children 
were given a series of simple addition and subtraction word problems. 
During each interview, the children were given eight word problems, 
four involving addition and four in subtraction. During the 
interviews, a set of 15 blue and 15 green cubes were made available 
to the children as well as two cardboai-d puppets, named Pete and 
Ann. The children were advised that they could use any of these 
objects to help solve the problems. 

The authors concluded that the children used a large variety 
of strategies to solve problems and that these became internalized 
over time. The children's strategies for solving the word problems 
appeared to depend highly upon the semantic structure of the problem 
as well as the sequence of numbers in the problem. The investigators 
had asked each child to represent the solution of the problem with 
blocks and puppets. This action may have intensified the importance 
of the problem structure with the children. 

The investigators seriously questioned the current practice 
of presenting word problems to children only as an application of 
addition and subtraction algorithms. They suggested that such 
word problems should become more often the vehicle for meaningful 
instruction of the actual algorithms of addition and subtraction. 



Using Mord probleas only as applications 
of learned algorlthas of addition and 
subtraction soy not be aost productive. 
Perhaps, word probleas should becoae the 
actual vehicle for Initially learning the 
concepts and algorlthns of these processes. 



Writt (July, 1987) explored the effects that strategy had on 
problem solving and heuristics and especially upon Polya's four 
phases of problem solving: Understand the Problem, Devise a Plan. 
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Carry out the Plan, and Look Back. He distinguished strat egy as 
a problem specific procedure which will produce a correct answer 
and heuristic as a non-problem specific procedure which does not 
necessarily produce a correct result. To carry out the study, a 
computer program. The Square Problem, was devised. The Square 
Problem could be solved by four strategies and 12 heuristics. 
Classified by experts as belonging to one of Polya's four phases 

^.'"J^mI""/"*' ir^. ^^9^ aJld seniors sJivei 

the problem four different times. 

pmniniL*'^! I?""** "wst Of the differences among the strategies 
employed by the students occurred in the Polya phase of Carry o3t 
iiJLJIJJ:^ 15* ""successful problem solvers spent more time on 
nl^M i e^*^* '^"'5?'" Plan than the successful 

problem solvers. It was significant that none of the students 
used the Polya phase of Look Back. »«.uaent5 

hnM.^?f!T^«;K^2^*5^ ^'^P^^^* ^^^^^ concentrated upon studying the 

wh J Tcr^«IJ S ®? categorized according to why. where, and 
when TSP might be employed. Seven self-instructional booklets were 

mi'^'r '5' r'!'r* above aJerlge He? 

York City. high school students. Pre- and posttests were devised to 
measure the students' abilities to apply TSP to an e??i?e pJ^Mem 
IhI ^rl^lll °^ indicated a significant improvement in 

5r5u5r "° significant differences in the untreated 

Stonecipher (March. 1987) explored the mathematical problem- 

s?ldln?.'''°?h!'^^;^*'; H^^!®^ *^«^«9« hiSh school 

rJnJSJ^*. -^r*®? students used inductive reasoning and routine 
checks quite regularly, whereas, the average students used trial-and- 
error methods more often. The gifted students reasoned inductively on 
thr5?Sblems! ^tuHenU frequently misinterpreted 

f^9?'*^^^i"^«"*5 were studied by Rebovich (May. 
1987) and Kama (July. 1987). Rebovich looked at processes and 
strategies employed by algebra students in solving word problems, 
and Kama 1 compared successful and less successful strategies of 
students in writing equations for word problems. Rebovich had 
the students solve three number, three motion, and three mixture 
problems. The results indicated that students had developed a 
consistent repertoire for solving number problems, but they did 
not employ consistent schema for solving motion and mixture problems 
The students had little difficulty solving equations derived from 
the problems. Kamal. on the other hand, examined the processes 
in writing equations for simple and complex mixture problems. He 
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found that successful and less successful students employed standard 
procedures for writing equations for simpler problems, but only the 
successful students seemed to be aware of the concepts involved. 
When solving complex problems, the successful students monitored 
their work so as to see the need for transforming parts of the 
problems. The unsuccessful students either did not see the need 
for such monitoring or simply were unable to do it. 

In addition to researching the problem process, researchers of 
1987 also studied the elements that students remembered for solving 
problems in the future. Chukwu (January, 1987) and Foss (June, 1987) 
investigated this retention phenomena. Chukwu attempted to determine 
the extent to which eighth- and ninth-grade students would continue 
to use heuristics over a two- and four-week period after continuous 
heuristic instruction. The results revealed that there was a definite 
pattern in the use of heuristics after instruction ceased. Foss 
concentrated upon studying how deriving solutions to problems might 
enhance the memory of these problems and their solutions for future 
use. She found a clear superiority for retention of self-derived 
solutions when compared to solutions which were studied from a 
textbook. 



Nemry of prob1e»-so1vTng p^nocesses for future 
use by students Is Important. Research seens 
to Indicate that self-generated problem solving 
processes are retained longer by students than 
those processes which are read or copied. Try 
to encourage Independent problea solving! 



Factors Stimulating Problem Solving . Since problem solving 
has become the focus of attention of so many mathen^itics educators, 
research should naturally turn to a study of the factors that may 
affect problem solving. These factors range from belief systems 
of students to the order of the elements in problem presentations. 
Hard, concrete evidence concerning these factors is hard to find, 
but many interesting and potentially useful results have appeared. 

Buchanan (November, 1987) hoped to describe differences in 
• problem-solving performance of third-grade gifted and average 
fifth-grade students during an eight-week period. She assumed that 
there would be differences between the two groups. Specifically, 
she hypothesized that the gifted students would use novel approaches, 
demonstrate greater insight and intuition, be more motivated, and 
have more positive attitudes than the average students. Surprisingly, 
Buchanan's conclusions were unrelated to the gifted/average labels 
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r^^Il^J/"**^''®^ 9''°"P* "»o*'e related to attitudes, 

motivations, and belief systems of the total group. •.■i.uaes. 

After cautioning the reader that qualitative, observational 
research is subject to bias due to the participation of the 

w!Jf'IS^^w\^f'""". significant differences 
were found between girls and boys. The girls appeared to be more 
ego-involved and tended to pursue a problem to Jjin teacher o?^ 

fJcIiJ'"'''?^"^ ""J^^f^f^" satisfaction of solving the problem, 
itself. Throughout the investigative period, girls ipproaJhed 

tIp inic ^^^"^ ^°"9«^ solve than boys. 

The boys, on the other hand, became more task-committed and were 
less ego-involved than the girls. Buchanan raised the questioras 
to what prior experiences might have contributed to theSe diffSrenc« 
in the problem-solving behaviors of girls and boys ^^^^^erences 

Anand and Ross (March, 1987) used computer-assisted instruction 
cMfS::fr^ " arithmetic materials for fifth- and s"?h -grade 
iTtii?^:^ version, examples were personalized by incorpo- 
Se ^^t interests, and hobbies of 

J2SteJ?f ^re " ^'^'^'^^ ^^^''^^'^^^ ''^^ abstract 

contexts were used. The results favored the personalized materials 

^" ^°^^^"9 standard and tJ^sf^ 
problems, in recognizing rule procedures, and in task attitudes. 

sunerJUnJ.*!!? Kf' o^'i'e red several explanatio...- for the seeming 

personalized materials over the concrete and 
abstract materials. These i^easons were: (a) increased interest 
by the students in the pre iem-solving tJisk; (b) i "biased iI?eLl 

^LnJj^i' the association of a mathematical rule with a 

fourths will give me 12 pieces to share with my friends); and (d) 
reduced comprehension problems for students. ^ ' 

«rr«yil® !^*!??^«^ ?^ problem-solving methods acquired on one 
occasion to the solution of a different set of problems was the 

Se' ImJe? ll^') ^n'?!'""" ^1'^/^'* ''^'^ dweller 
^December, 1987). Zollman noted that the question of the order 

P^"entation more difficult-less difficult or less 
cm! Sn^?""""? <"J^lc"lt) to maximize positive transfer of problex.- 
solving learn ng had been equivocal. He decided to control the 
order of problem presentation but to vary the inner-structure 
Z Pr®**^®"? ^J^^ variables, the number of conditions, 

or the size of the solution). These variances did not lead to 

(SJrrJo^r^I^JlJjr?! °^ o^^**^ 0^ presentation 

jmore to ess difficult or less to more difficult). Cooper and 

Sweller also conducted a series of experiments on algebra problems. 
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finding that students who had been subjected to a heavy emphfsis 
upon worked examples or an extended acquisition period were better 
able to solve transfer problems than students who had only been 
subjected to conventional materials. 

Hasty (March, 1987) claimed that when students translate 
a statement such as, "There are six times as many rtudents as 
professors at this university" into an equation, the majority 
of them incorrectly write 6S » P rather than correctly write 
6P = S. She felt that the current methods for teaching translation 
of statements into equations did not adequately handle this problem. 
She designed a 45-minute lesson to remedy this situation. She 
tested the lesson with two seventh-grade classes, two high school 
classes, and two university classes. For the high school and 
university classes, the 45-minute lesson resulted in a significant 
reduction of reversals from pretests to retention tests. 



Have your algebra students write an equation 
to represent, ■There are six tines as many 
students as professors." Many nay Incorrectly 
write, 6S = P, which Indicates greater care 
Is needed In translation problems. 



Firsching (January, 1987) examined classroom textbooks, 
recorded classroom sessions, and interviewed students and teachers 

'^r to correlate instructional patterns with student performance 
on word problems. He found that the primary technique of presentation. 
I.e., implicit, inductive teaching by example, caused students to 
reach inferences in problem solving without necessarily helping 
them to reach correct inferences. 

The effects of verbalization was the topic of an investigation 
by Roark (March, 1987). Seventy-three students ranging in age from 
14 through 16 years worked on the Tower of Hanoi Puzzle with three 
'•'d four disks, after which they discussed what they had learned 
from the experiences. T,ie students were then randomly assigned to 
verbalizing (V) or non-verbalizing (NV) treatment groups. They 
practiced the puzzle successively with two, three, four, and five 
disks. The V group reflected upon their experiences aloud to the 
researcher, whereas, the NV group reflected upon their experiences 
silently. The posttest was the six-disk puzzle. Efficiency 
scores were recorded for students of both groups. The V group 
proved to be superior in both the mean score and the number of 
correct subgoal moves. 
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4« .JI '?? P^^^ ""^ '•^a^ « 3" Instructional manipulativ 

JSn fS 5^?"" I" rr*^" sixth-grade students. The resuUs of 
S^M^^c^?'~"'^'''**f ^^'^^^ ^^"^^^^^ ^^^^ leamed problem solving 
Jl'i "^"5 ^'^^^ ^''l* *o solve problems than ^ 

those who did not use Logo. Previous research has supported this 



Logo and the nicroconputer can be valuable 
aids in teaching problem solving to fifth- 
and sixth-grade students. 



Testing and Evaluation of Problem Solvin n. if horse should 

oJSSlpm'cn? ^^r'l^'l!^" '"^^'y evaluatJon H tlsE?nTo? 
SanlbTJ « :? 5^;"^^ be thoroughly researched before othe? 
^Zlt lA [ *° ^°1^^"9 examined. Fortunately. 

e5a?u*HJ„'^KlI.'°'~ ^" to testing and 

SI! J: ;*^^!P5» "o* "^ny enough. The research of 1987 

aSd Jhe relations n°nVjS''' "^^"^^ °' P^^''^^"'^ ^" instruments, 
ana tne relationship of these measures to other variables. 

currpSMr.lclH*?''"*''^* ^^^V '"""^^y*** *yP« 0^ questions being 
in lJtlll 5"? I" Paper-and-pencil group tests of pJoblem solving 

and school districts in the United States H? 

of ed ca ion a:S'5?"?n' J? *«*'?9.i"''r""»"*^ ^"'^ ^0 state departments 
or education and 57 local school districts. A total of 130 tests used 

In ^" 9^*^^= through twelve wis returned! 

nSnlw'"'^^'^' ""^ *° ascertain if routine or nonroutine 
problems were used more frequently in the tests. 

Routine exercises were classified as those that require 
direct recall or the application of a learned algorithm, including 
the use of an algorithm from the translation of a word problem The 
nonroutine problems required more creative and criJical'^Sinkina 
A nonroutine problem can be one for which a learned algorithm ^* 
'I'^^'^lV A pilot study was conducted Hrder to 

?n"c"?aM??5fnT?Ee uISs'!^^^^ "^''^^^ «^P-^-"^- 

4* «e^^® bindings revealed that about 12 percent of the analyzed 
88 3\''c ^ probl em-sol vi ng'abi 1 i ti es . whereasf 
88 percent tested students' abilities to solve routine exercises 
and perform routine calculations. It was concluded that ?he 
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evaluation instruments used by states and school districts were 
not testing nonroutine problem solving. 



A natlOMi sui^vey of Instrunents used to test 
for achleveaent In problea solving revealed that 
oyer 88 percent of the test item required only 
routine coaputatlons, whereas, about 12 percent 
required nonroutine problea solving behaviors. 



Smith (October, 1987) conducted a longitudinal study to 
examine the relationships between achievements on five subtests 
of problem solving: Multlstep, Multistep with Percent, Ratio/ 
Proportion, Ratio/Proportion with Percent, and Percent, and three 
variables: Proportional Logic Structure, Structure of the Properties 
of a Group, and Cognitive Style Structure. 

One hundred thirty-two students ranging in age from 12 to 
15 were administered three tasks to assess their understanding 
of the structural variables. The three tasks were the Balance 
Beam Task to assess Proportional Logic Structure, a Figure Rotation 
Task to assess Structure of the Properties of a Group, and the 
Group Embedded Figures Task to assess Cognitive Style Structure. 
During the second year of the study, the students were reassessed 
on the first two tasks. 

Regression analyses showed that (a) students who scored high 
on Proportional Logic Structure scored higher on each of the problem- 
solving subtests than those who scored low; (b) students who were 
rated as field independent on Cog-v. ve Style Structure, i.e., were 
more analytic in their thinking, scored higher on the problem- solving 
subtests than those students who were classified as field dependent, 
i.e., were more global in their thinking; and (c) students who scored 
highly on the structure of the Properties of a Group also scored highly 
on multistep and ratio/proportion subtests. 

Hofmann (August, 1987) developed two forms of a paper-and- 
pencil, machine-scoreable. Four Step Problem Solving Test. The 
four steps of the tests consisted of (a) Read; (b) Select a 
Strategy; (c) Solve; and (d) Review and Extend. Five scores 
were determined, one for each step and a composite score. 

Validity and reliability of the tests were studied with seventh- 
and eighth-grade students. Content validity was established with 
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a panel of experts, and reliability was determined using Kuder- 
Rlchardson Formul^t 20. Concurrent validity was determined by 
correlating the scores of the test with mathematics grades asslqned 
by teachers. * 

^V^l and Mayer (December. 1987) explored the miscomprehensions 
?L^^"?"*^52l'?9 arithmetic word problems, and Puchalska and Semadeni 
(November. 1987) studied the reactions of students to verbal arithmetic 
problems which have missing, surplus, or contradictory data. These 
are Issues whose resolution would be of considerable Interest to 
test makers In constructing Instruments designed to evaluate problem- 
solving behaviors. *^ 

Lewis and Maye- felt that most of the troubles students 
experience In problem solving were due to comprehension difficulties 
rather than to problem calculatlonal difficulties. In particular, 
they focused.upon compare-type problems with consistent and Inconsistent 
K!?®; ^°.r^"/r^*V^® differences, consider the problem: (a) 
Joe has 3 marbles; (b) Tom has 5 more marbles than Joe; (c) How 
many marbles does Tom have? This Is a consistent language problem. 
I he unknown (e.g.. the number of Tom's marbles) Is the main subject 
?Li^®*?T? the relational term In the second sentence 

(more than) Is consistent with the required operation (addition). To 
Illustrate Inconsistent language, consider the problem: (a) Joe has 

3«!!f^5 ^^l ?® ^ Tom; (c) How many marbles 

does Tom have? In this case, the unknown Is the object of the second 
sentence, and the relational term (less than) conflicts with the 
required arithmetic operation (addition). 

Lewis and Mayer further hypothesized that problem solvers 
have a distinct preference for the order In which Information 
IS presented In a problem, with the preferred format corresponding 
to the order In consistent language problems. Furthermore, they 
felt that comprehension problems are more likely to occur when 
the problem format Is not the preferred format. 

They testftd thesc Ideas In two experiments with college 
students. In the first experiment. 96 students, ranging in age 
from 18 cc 21. were studied, and in the second experiment. 26 
college students similar to the first group were tested The 
results showed quite conclusively that Inconsistent language-compare 
problems are the source of major difficulties in comprehension. It 
was felt that students came to a problem solving situation with a 
set of preferences for the form of statements in compare- type problems. 
If this preferred arrangemr.nt was not present, the student rearranged 
the information which causes comprehension difficulties. 

Pucnalska and Semadeni (November. 1987) Investigated the 
reactions of children to verbal arithmetic problems with missing. 
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surplus, or contradictory data (MSCO problems). The aim of this 
exploratory study was to expose children to MSCO problems during 
regular classes in grades 1 and 2. The experimental lessons 
were given in various schools around Warsaw, Poland, in May and 
June of 1985. The problems were presented orally to students 
with those in grade 2 also reading them. The children raised 
their hands and the teacher called on them successively. 

Puchalska and Semadeni found that often students gave unsatis- 
factory answers to MSCO problems. Most often these children had 
not been taught to deal with this kind of problem; and, particularly, 
in a situation where pressures of peers may be quite pronounced. 
The authors felt that MSCO problems can be used to develop students' 
critical skills in reading problems. Furthermore, they felt that 
MSCO problems could be solved effectively only if several of 
then were presented to students consecutively. Isolated MSCO 
problems caused bewilderment. 



Im you test your students with NSCD problem; 
that Is, problcns with nlsslng, surplus, or 
contradictory data? If s?, such problens 
should not be presented in Isolation from 
other probleas. 



Concrete problems were considered by CalcJweil and Goldin 

(May, 1987) and Carraher, Carraher, and Schliemann (March, 1987). 

Obviously, the kinds of problems used in a testing instrument will 
influence substantially the testing results. 

Caldwell and Goldin compared the relative difficulties of 
concrete versus abstract and factual versus hypothetical problems 
with high school students in grades seven through twelve in a 
suburban Philadelphia school district. An abstract (A) problem 
describes only abstract or symbolic objects, a concrete (C) problem 
describes a real situation with real objects, a factual (F) problem 
merely describes a situation, and a hypothetical (H) problem not 
only describes a situation, but also describes a possible change 
in the problem that does not occur in the context of the problem 
(e.g., if there were six times as many boys then...). 

The researchers found that in the junior high school classes 
the problems in increasing order of difficulty were CF (concrete 
factual), CH (concrete hypothetical), AH (abstract hypothetical), 
and AF (abstract factual). In the high school grades, the CF 



problems were least difficult and the AH problems were most difficult. 
<ne CH and AF problems were of moderate but equal difficulty The 
reversal of difficulty of AH and AF problems from junior high school 
to senior high school caused Caldwell and Goldin to conclude that 
teachers should not decide that abstract or hypothetical word problems 
are beyond the reach of students. Furthermore, they concluded, "It 
appears that the greater difficulty of hypothetical problems occurs 
almost exclusively in concrete situations" (p. 195). 



Abstract or hypothetical word problem may be 
well within the reach of your students. 



Drill, Pra ctice, and Mental Computation 

Drill and practice has been the subject of research efforts 
for many years (e.g., see Begle, 1979; Suydam and Dessart, 1980; 
and Dessart. 1983). During 1987, efforts on research in drill 
nll^Kr' extensive, probably because the interest in 

problem soiving had tended to minimize the desirability of drill 
and practice as a learning tool. Research on mental computation 
has never occupied a central position in the research agenda of 
mathematics educators, although there was activity during 1987. 

Drill and Practice. Campbell, Horn, and Leigh (Summer, 1987) 
compared the performance of two groups of third grade students in 
division of whole numbers. One group used a commercially prepared 

P!:09ram and a matched group used conventional, 
fo . I^'^ materials. The microcomputer program consisted of 
12 diskettes designed to provide drill and practice for students 
of grades one through eight. The program would not permit a 

?Jn nil- JV?"'!?;® criteria- had been attained. 

The printed drill materials consisted of mimeographed sheets of 
50 problems from each level of the computer program. In order to 
avoid a possible Hawthorne effect, students of the print group 
were also given computer-based instruction in another area during 
the time of ths experiment. * 

All students received 30 minutes of instruction each day 
The computer g-oup then received 20 minutes of practice and the 
print group was given worksheets for the same period. The study 
lasted five weeks during January-February 1984 in an afHuent 
suburban school district of the Southeast. 

The print group scored significantly higher on the first 
progress test; otherwise, there were no significant differences 
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between the two groups on any measures. The poorer performance 
of the computer group on the first progress test was probably 
due to the students' lack of familiarity with computers. The 
overall conclusion of the investigators was that there were no 
measurable differences between the two treatments. One might 
note here that much previous research indicates that computer- 
administered drill and practice is no more effective than teacher- 
administered drill and practice. 

Campbell, Horn and Leigh noted that a disadvantage of the 
computer was the delay students experienced while waiting for 
the computer to finish reinforcement messages given by cartoon- 
like characters. Some students became restless and impatient. 
A disadvantage of the print-materials wa« the lack of immediate 
reinforcement. Students had to wait until a teacher corrected 
their papers for knowledge of results. 

Faulk (January, 1987) compared four experimental groups: (a) 
computer drill and practice, (b) computer drill and practice plus 
counseling, (c) pencil -and-paper drill and practice with worksheets, 
and (d) paper-and-pencil drill and practice plus counseling, with 
students of the fourth and fifth grades over a six-week period. The 
pre- and posttests given to the students were achievement measures in 
computation. The paper-pencil treatments tended to increase scores 
more than the computer treatments. Some irregularities in the posttes' 
were noted at one school, so these data were not used in the analysis 
of results. 

M ental Computation . Mental computation was the topic of 
three investigations in 1987: Hope and Sherrill (March, 1987); 
Hope (November, 1987); and Scott (December, 1987). 

The characteristics of unskilled and skilled mental calculators 
wfere investigated by Hope and Sherrill. They selected 15 skilled 
and 15 unskilled students from 286 students in grades 11 and 12 
0. the basis of their performances on a mental multiplication test. 
The test consisted of 20 mental multiplication tasks: ten easy 
(e.g., 30 X 200) and ten difficult (e.g., 32 x 64). Each item was 
presented on audio tape allowing 20 seconds between items, and the 
students could use pencil and paper only to record their answers. 

Each of the 30 students performed 30 mental multiplication 
tasks (e.g., 25 x 48, 8 x 999, and 49 x 51), after which he or 
she was asked to explain the mental process of calculation for 
each example. These sessions were recorded on audio tape for 
later analysis. In addition, each student was given a Basic 
Fact Recall Test (BFR) which contained 100 multiplication facts 
from single-digit factors. The short-term memory capacity of 
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the students was tested with the forward and backward digit soan 
subtests of the Wechsler Adult Intelligence Scale. A student's 
digit span is the number of digits in the longest sequence repeated 
without error. r. ^ k «» 

Analysis of the mental multiplication tasks revealed four 
methods of solution and 12 calculational strategies. The unskilled 

""r® ^^l***** *o v'^'itten computation 

^^^^^^"^ students used strategies 
related to the numerical properties of the factors. The skilled 
students were able to recall more large products to aid in the 

w?JS"i!«!!!l;. Mental multiplication performances had a 7ow correlation 
with measures of digit span memory. 



Students skilled at aental niltlpllcatlon of 
nurters use the nuerlcal properties of the 
factors More often than students unskilled In 
■ental Mitlpllcatlon. 



. 1^ ^all ISm TV^* ^IVA f*"**^*** performances of Charlene. 
?.r?c^ ^^VlV^ T®"**^ calculator of multiplication 

facts. Hope interviewed Charlene during which he gave her 50 
multiplication facts which had been used in the Hope and Sherrill 
study. Each exercise was presented orally, after which Charlene 
mentally calculated the product and explained her methods, which 
were audio taped for later analysis. -nemgas. wmcn 

Charlene used calculational methods which employed distributing, 
factoring, and direct recall of products. She had an extensive 
memory of squares of two-and three-digit numbers. Ker digit soan 
memory was much greater than average. She also had the ability 
to identify quickly prime and composite numbers. She claimed to 
be largely self-taught. 

fhn^.."er*/*'jl^®V"*^l!®Ii^ *° encourage mental calculations with 
their students. He noted that pupils should not use paper and 

' S"" T""?^?!' as. 57 - 8. 199 + 156. 1000 x 26. :.nd 
3535 7 35. He felt t»?at children should be encouraged to seek 
mental shortcuts and to use paper and pencil or a hand-calculator 
only when absolutely necessary. 

„«.n (December. 1987) developed a program which was based 

upon the Texas instructional program on number sense, mental 
computation, and mathematics. Ten minutes of each mathematics 
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period were devoted to this Instruction with eighth-grade students. 
Mathematical application scores were significantly higher for these 
students when compared to those who had not received the training. 

Attitudinal Factors 

The attitudes of students toward mathematics and toward 
themselves in relation to mathematics are critical factors in 
learning mathematics. In fact, many tet,h€(rs feel that attitudes 
are far more important than abilities. In any event, attitudes 
are an active area of research interest in mathematics education. 
In 1987, studies were conducted of attitudes of students toward 
mathematics, computers, tests, and other personal attitudes of 
learners. 

Attitudes Toward Mathematics and Computers . Attitudes of 
students toward ntethematics were investigated by Miller (April, 
1987) and Alvi (March, 1987). Attitudes of students toward computers 
were studied by Gressard and Loyd (February, 1987) and Swadener and 
Hannafin (January, 1987). 

Miller administered Aiken's Revised Math Attitude Scale 
(RMAS) to 329 seniors from a midwestern high school. The RMAS 
scores were used to partition the students into three categories, 
those who (a) liked mathematics, (b) disliked mathematics, and 
(c) were neutral toward mathematics. The students were also 
asked to identify in which of three grade intervals their attitudes 
toward mathematics aeveloped: grades 1-6, grades 7-8-9, or grades 
10-11-12. 

Thirty students v'ho claimed that their attitudes developed 
in grades 7-8-9 were interviewed by Miller. The 30 included 
five males and five females from each of the categories: "like," 
"dislike," or "neutral" toward mathematics. The interviews revealed 
that students' attitudes toward mathematics deteriorated as they 
moved to higher academic levels. The 30 students had studied 
a mean of 3.28 mathematics courses tn grades 9-12. Their decision 
to study more mathematics than was required for graduation was 
related to their college aspirations. All 30 students had used 
calculators in high school and felt that the use of calculators 
aid not influence their attitudes toward mathematics. 

Alvi found no significant differences in attitudes toward 
mathematics of an experimental group of 68 students taught ycineral 
mathematics in the ninth grade through an individualizad instruction 
approach compared to a group of 21 students taught by conventional 
methoos. The researcher found that the experimental students 
achieved significantly higher on the Comprehensive Test of Basic 
Skills than did the conventional group. 
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Gressard and Loyd measured the computer attitudes of three 
groups: (a) 161 junior and senior high school students who were 
enrolled in an accelerated language arts class; (b) 76 small liberal 
arts college students residing in dormitories; and (c) 119 community 
college students enrolled in a developmental mathematics course. The 
computer experiences of the students ranged from less than one week 
to more than one year. 

Computer attitudes were measured by the Computer Attitude Scale 
designed by Loyd and Gressard. This scale produces subscales for 
computer anxiety, computer confidence, and computer liking. Math 
anxiety was measured by a modified version of the Mathematics Anxiety 
Scale designed by Fennema and Sherman. 

For all three groups, computer experience accounted for a 
small but significant amount of the variance of the three computer 
attitudes: anxiety, confidence, and liking. The correlations 
between coiflputer experience and computer attitudes were moderate 
and positive as were the correlations between computer attitudes 
and math anxiety. The authors suggested that math anxiety may 
be a minor but important factor in computer anxiety and computer 
confidence. 



Swadener and Hannafin explored the attitudinal difference of 
32 randomly selected sixth-grade boys and girls toward computers. 
The Computer Literacy and Awareness Assessment Instrument of the 
Minnesota Educational Computing Corporation (MECC), which is 
designed for secondary school students, was adapted in this study 
for sixth graders. The students were partitioned into groups 
according to gender and mathematics achievement, which had been 
measured by a mathematics skill test. 

It was found that high-achieving mathematics students had 
expressed greater agreement with statements of computer confidence 
than the low-achieving students. Further, the investigators 
concluded that sixth-grade boys and girls responded with far 
greater similarities than differences. 

Personal Attitudes. Band (February, 1987) explored the 
self-attributions for success or failure on a mathematical task 
of four groups of children: black and white females, and black 
and white males. Band reported that white children were more 
oriented toward success than black children. White males were 
more sensitive to failure than black males and white females, 
and black males were more stable with respect to failure than 
white males and black females. 
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Flower (January, 1987) interviewed 75 fifth- and sixth-grade 
students on the day that they rece{ved their graded mathematics 
test from their teachers. The children were asked questions 
related to their successes or failures on the test and the reasons 
for those test performances. The students had also been given 
a global measure of mathematics test satisfaction, prior to the 
mathematics test. 



Efforts or lack of efforts were the most commonly cited 
causes of success or failure on the test. Further analyses revealed 
that students made primarily Internal and unstable attributions. 



Efforts or lack of efforts were cited aost 
often by fifth and sixth graders as their 
reasons or explanations for good or bad 
test perfomnces. 



Perceived self-efficacy is one's judgments of how well one 
can deal with future situations. These judgments influence future 
courses of action and consequently should be highly relevant 
to academic achievements of children. Norwich (December, 1987) 
assessed theself-efficacy of 72 London, England, school children 
by asking them how certain they were of answering correctly a 
mathematics question and then rating their replies on an 11-point 
certainty rating scale. In addition, the researcher administered 
an inventory of mathematics self-concept to the children. Seven 
statements of the form, "I'm useless ,.t math" or "I'm very good 
at math" were given in the inventory. The students also performed 
mathematical tasks (e.g., 5 x 57, 75 t 5, 6^, and 45 tenths » 

• The self-efficacy assessments were made on four occasions, 

with mathematical tasks performed by the children between the first 
and second self-efficacy assessments and between the third and fourth 
assessments. 

Norwich reported that with low familiarity with the task, 
about 12 percent of the variance in me.thematical performance 
was predicted and was due to mathematics self-concept and not 
self-efficacy. With greater familiarity, about 73 percent of 
variance could be predicted and again was due to self-concept 
rather than self-efficacy. This research pointed out the values 
of assessing self-efficacy, but it also suggested that better 
instruments to measure this construct are needed. 

Juhl (March, 1987) compared the personal characteristics 
and identified the difference between 71 Vietnamese and 156 white 
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children who were achieving A's and B's in advanced high school 
mathematics courses in a suburban Washington, D.C. public hiah 
school. r y 



Using discriminate analysis, Juhl found that the scale that 
best separated the two groups was "math as a male domain." Other 
scales that also separated the groups were: "math is just a set 
of rules" and "it is fun to study math." A scale that failed to 
separate the two was "parents really want me to do well in math." 
Juhl interpreted this last finding to imply that the scale was not 
unimportant but rather equally Important to both groups 



SUMMARY 



In this section, "Planning for Instruction," we have looked 
at research in six broad areas: historical development; aides 
and grades; teaching approaches; problem solving; drill, practice, 
tni'^M^JcS^f"!?!^^"' attitudinal factors. Me have highlighted 
some hints" or "ideas" from research. These hints or ideas do 
not necessarily enjoy greater validity than other findings, but 
represent key notions that may be useful or novel to the teacher, 
supervisor, teacher-aide, parent, or student. 

The history of mathematics or the manner in which mathematics 

influence the way in which these mathematical 
ideas are taught. Harper considered whether or not this phylogenetic 
development influenced the way children approached algebraic concepts. 
The Vietan approach was used by substantial numbers of students. 
DuPre and Nibbelink, Stockdale, Hoover, and Mangru looked again at 
the modern mathematics movement. DuPre concluded that UICSM had been 
criticized unfairly, whereas, Nibbelink and his colleagues noted that 
problem solving declined in grades four, five, and six during 1965-1975. 
They felt this was due to the emphasis upon precision of language and 
deduction instead of problem solving during the new mathematics period. 

The use of teacher aides for middle school general mathematics 
classes is highly desirable and important according, to research by 
Palmer. Maclver wondered why so many upper elementary school pupils 
feit that they were mathematically competent and how reliant they 
were upon adult assessments for these positive self evaluations. He 
found that frequent grades by teachers highly influenced the 
reliance of students upon adult assessments. 

Zepp discussed the Who-'f Hypothesis which contends that a 
student s thoughts and loc' processes are dependent upon the 
student s first language. .'s research did not provide substantial 
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support for this hypothesis. Bradley compared student achievements 
in traditional and transformational geometry. Surprisingly, the 
transformational students showed greater gains in their understanding 
of formal geometry. 

There were many studies related to problem solving in 1987. 
Researchers studied the many heuristics and strategies of problem 
solving, and, in general, found that emphasizing heuristics and 
strategies helped students become better problem solvers. The 
testing of problem solving is in need of serious efforts by 
researchers. Barson found that 88 percent of the items on tests 
designed to tap problem- solving abilities required only routine 
computations. We cannot make significant progress in problem- 
solving research and in classrooms until we develop instruments 
that will accurately measure this important ability. 

Research on drill and practice, which was the focus of much 
research in the 1920s, was of less interest in 1987. The research 
interest had turned more toward the use of computers to aid in 
drill and practice. A study by Campbell, Horn, and Leigh did 
not provide evidence to support the contention that the computer 
is an important asset to effective drill and practice with third- 
grade students. Children who are adept at mental calculations 
of products appeared to rely heavily upon the numerical properties 
of the factors, ac-ording to research reported by Hope. 

Attitudes toward mathematics, computers, and self-attitudes 
were investigated in 1987. It appeared that computer attitude 
is closely related to mathematics anxiety. Consequently, if 
we wish to improve attitudes toward computers, we should work 
on improving attitudes toward mathematics. Self-efficacy or 
a student's judgment as to how well he or she can perform in 
a future mathematical situation would appear to be an important 
construct in improving the learning of mathematics. Research 
by Norwich did not appear to support the value of this construct 
in predicting mathematical performance. Better measures of self- 
efficacy are needed to insure progress in research on this crucial 
notion. 
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II. MATHEmilCAL CONIENT AND MATERIALS 



In this section on mathematical content and materials, we 
Shall review research related to three broad categories: (a) the 

?i!'!;jl!l'5n';?nr^;"^"!^?".°^'°"*®"*- "^^^ods of instruction 
related to content, and ^c) instructional materials in mathematics. 

The structure and organization of content must be related to 

' P^°9^""- instruction in mathe- 

matics is to fulfi 1 its proper role in the total instructional 

dr?2™?n« 4 ' ^""11 elementary school to 

foSi?«H L ^I?*r"5*I°"'l P'^S^"" **" "««*^"9 the objectives 
formulated by the district and found some surprising results. The 
structure of content must also serve special students. 

. Research on methods of content instruction included attention 
fun^jyU^I"^* V1!T??^ concepts, measurement, geometry, algebra. 
^^^1°;'; probability. Research on counting is popular The 
SrSKIw^Ji^T^^f^^^" °^ 5^9n by children is stil being 

coS?JniS^n''l!f'i°r'\ ^^l °^ ^'^^''^l^ ^ts developmenJ^ 

J^Siil^hi.^ * ^^P^*' °^ P^^™^y Function interested 

J^hSo fSJ? years, and this interest continued 

during 1987. Many teachers feel that probability needs areater 
emphasis in schools. Probability is often d fficul? for^stJdlnts 
The comp exi ties of learning probability should be studied by 
mathematics educators. 

Finally instructional materials provide the delivery svstem 
?• "T**" "'"'^«<' ^o'' effectiveness in 

Structure and Organization of Content 

...../w^*^"^*"^® organization of mathematical content are 
crucial to success in teaching that content. During 1987. studies 

c^Sin^«^H„«^"5^"''^'"^°''9"^"*^°" °^ ^" elementary 

iu ! structure of content for special students, 

both the able and the less able, and finally the effects of language 
and such notions as "variable" as they relate to structural queitiSns. 

Elementary School TontP nt Structure and Organization . Hughes 

rSin?%'- iT^ - Midwestern elementary 

school to determine if its mathematics program was meeting the 

?t^J^lJ'^?2fl!^*J*™*l"l objectives of the school district; Wheeler 
^August. 1987) traced the genesis, development, and implementation 
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of the Comprehensive School Mathematics Program (CSMP) for elementary 
schools; Katz (July, 1987) Investigated understandings of early 
number concepts of elementary children Identified as at-risk and 
not at-risk for future academic achievement; and Avesar and Dickerson 
(October, 1987) Investigated the one-to-one correspondence structure 
in four- and five-year-old children. 

Hughes selected a small Midwestern elementary school of 
kindergarten through grade six enrolling 506 students to determine 
whether or not the school's program was satisfying the cognitive 
mathematical objectives of the school district. She analyzed the 
results of the Metropolitan Achievement Test (MAT), administered 
to the children in April, and the criterion-referenced tests of 
the U-SAIL Mathematics Program. She concluded that the MAT did 
not measure enough objectives to" adequately assess achievement of 
the district's mathematics objectives. The U-SAIL test results 
Indicated that objectives were adequately met In kindergarten, 
first, and second grades but not In the third, fourth, fifth, 
and sixth grades. 



A stiMly of a typical^ snll. NIdMestern 
elenentary school of grades K through 6 
revealed that ntheaatlcal objectives 
Mere being adequately net In grades K, 
one, and two but not In the renalnlng 
grades. 



The Comprehensive School Mathematics Program (CSMP), which 
was popular during the period of 1966-84, attempted to organize 
the mathematical content of the elementary schools so that It 
would reflect a spiral sequence and would Introduce applications 
appropriate to the child's level of understandings and Interests. 
Non-verbal languages, e.g.. Language of Arrows, Mini -Computers, 
and Strings, were Included to teach concepts and problem- solving 
methods. Wheeler's study of CSMP revealed that when It lost 
national funding. It gradually disappeared from school programs. 
One might note that this has often been the case with novel programs. 
Their lives seem so highly dependent upon special fundings which 
lead to their demise when the fundings are withdrawn. Even so, 
perhaps, such novel programs do have a telling effect jpon Improving 
traditional programs. 

Katz Investigated Informal number understandings of children 
Identified as at-risk and not at-risk for further academic achievement. 
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The children n the study were 186 klndergartners enrolled in 
three Long Island schools. The children were classified by their 
performances on the Hainsworth and Hainsworth Preschool ScfeeninJ 
System into four potential groups: (a) hiq!i achievers- fhUuo?«n« 

lhU6rln ^rl rlLn^^ P^^f^T^ ^"""^y ^" assessment. FiCe 
children were randomly selected from each of the four arouos anrf 
were evaluated on four tasks: (a) counting. (b)a5plf?at?oS 
strategies, (c) concepts, and (d) underlying cognitive strJJtures 
eg. conservation and class inclusion. Katz fouRd that at-Hsk 
children and some discrepant children demonstrated less devel^Ld 
cHuZl '^\VV ^*^«*eiies thaS tSe nJlal'r 

aJj^?pTicat^t%?:rLi"^:^:^^^^ "'^^^^"^ - -"^^"^ 
is c.s?yi?tSiie%:te^ iziiir ^sfjsrf 

understanding of one-to-one correspondence shoSlS influence {Je 
sequencing of mathematical content for children AvesJ? and 
? f ''1'??"/°"^"?''^ experiments w?? fo^?! and ??ve^Jear-olds 
The methods employed by children were assessed by their JesM^ses 

Zl * Jr^*?/^ ^" ''^^'^ arriyed n pll^ulV 

1^"" connected the elements in rows, nearly all 
ch Idren used one-to-one methods spontaneously; hoIIJIr when 
pairs ot elements were enclosed in the windows of TgHd. SSS- to- 
one p ans were only used after the children received experiences 
iSuf irI"AfJ%h researchers concluded tKs? 

JCr^J?? in iS^II^T f*"" one-to-one plans in long- term memory 
but fail to use these plans in some perceptual support systems, 
e.g.. windows instead of lines connecting pairs of elements 

ly^Ji^^r."^?"? Special Students Snider (January. 

c.S^S"*''!^*'^^"**' programs in mathematics for junior hiah/middle 
school students. He concluded that the major key to a suc?«cfui 
program is an outstanding teacher who pro? Ses dffferJn??a?l5 
instruction for several levels of the Jifted. FurtKre the 

ZTons ''ThILZT. «"e^r?*ive as wel 1 Is enT?c5^nT 

Thinking and problem-solving skills should be emphasized 
and opportunities for in-depth study should be provided Chancis' 
s?udeS?s '°'"P«*^*^^"^ ^f'<>"ld also be made aJailabfe to gi??l5 

J^^^l^ (March. 1987) compared the effectiveness of two curricula 
Mah cJSii?^ basic fraction skills to mildly hand?caSped anS fel^S al 
iiJIrc I?? Twenty-eight students were matched on m^the^ 

matics achievement and randomly assigned to one of two treatments 

p^a^t^le';:f?n^^"s^?lv^^^'''^r^^'^^^ ^ 

practice using an interactive video disk presentation. The second 
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treatment used the basal textbook. Teachers in ooth treatments 
emphailzed clear demonstrations, guided practice, and special 
classroom management procedures. 

The v'deo disk curriculum resulted in significantly greater 
posttest and maintenance test scores than the basal textbook 
curriculum. Levels of on- task behaviors were higher in the video 
disk treatment, but there were no significant differences in the 
two treatments on independent worksheets completed by students. 

A perennial question for high schools is the debate as to wh* *» 
should come first. Geometry or Algebra II. Nichols (February, 19b. y 
randomly partitioned students into two groups, one which studied 
Geometry followed by Algebra II and the second which studied Algebra 
II followed by Geometry. To compare the results of both sequences, 
measures of achievement (both staM rdized and teacher-constructed 
tests), attitudes toward mathemat\.s, and growth in thinking skills 
were made. Continuation of students in mathematics was determined 
by comparing the percentages of each group who e- -illed in senior 
mathematics courses. Jf.ii results indicated no significant difference 
between the two sequences, but the findings did indicate that the 
subject taken "last" had the higher achievement growth. 



The often asked question of which Is better, 
Geowtry followed by Algebra II or Algebra II 
fallowed by Geometry. Is still unanswered by 
research 1 



Verbal Beha vior and the Concept of Variable . The effects 
0^ language in learning mathematics were studied by Miura (March, 
1987) and Smith (January, 1987). Investigations related to the 
concept of variable were c ji:ducted by Crook (Januiry, 1987) and 
Comstock (January, 1987). 

There is little question that Asian Americans have demonstrated 
superior performances in mathematics. Miura conjectured that 
national language characteristics may be partly responsible for 
the mathematical superiority of the Asian Americans. Miura noted 
that Asian languages having their roots in Ancient Chinese (e.g., 
Chinese, Japanese, and Korean) are organized so that names of 
numbers are congruent to numbers of the Base Ten Numeration System. 
In the Asian languages, "eleven" is spoken as "ten-one," 17 as 
ten-seven," and 80 as "eight-tens," which is quite different 
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sJjLfSw Jh"rJ! IT' " "^^^"^^^^ English. Miura 

JS??S'*®^*^2* f'^" language names for numbers might assist 

?51J n^^blJ tt'rll^VJ'Kl^'T^' cognitive, number stru?tur« 
man number names in other languages. 

compared a sample of 21 students, nine girls and 12 bovs 

?n jJiinlli'' '''f""' ^" Sa^ FrancfsJ wJ?e flueSt 

in Japanese, and came from homes where Japanese was sooken tmJ 
sample was compared with 20 students. 10 girls a?d l0^5s* whS 



J2SlLI!!IJ '"^ congnient irith Bise Ten 
represenUtlojs. e.g.. -eTeven- 1$ spoken u 

JSlSJ;. 1^1' ^^^^ • cognitive. 

■Jttejjtlctl advmtage for Japanese-speaking 



..u^ language used by teachers might seem to affect student 
achievement and attitude. Smith (January. 1987) investiaatorthn 

various, sort of. almost, about), language bluffina (e a artuaiii/ 

and student participation on achievement and attitudes One m a^? 

vague terms included in uncJrJaJn and b iff?ng Tl^Suage 

? h eveSeJt ?n"!„"i' t??;'!i''°: for students, thus resulti ;^n 7^? 
acmevement in and attitudes toward mathematics. 

Caur«^fS?*^Vl7^^ '^^^5 9'''*'*" "^^^ approximately 90 percent 

bJ thl ef-it ^^lJl^t llSH^ ;r '^9ht groups which were defined 
2 * I ? possible combinations of two uncertainty conditions 
io '1* "° "I^^tainty). two bluffing condiilons (Sli^nng. 

5arE ciJIj?ii)'"^!r? participation conditions (participation ?i 
Shiil Ihf: JJi: ^t^^ ^rpup was given a 20-minute audiotaped lesson 
while they observed overhead projections and demonstrations of 
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the content which consisted of concepts from elementary topology 
concerning trans versibility of curves (e.g.,, Euler's formula for 
networks <n i plane). The frequency of uncertainty and bluffing 
f terms were controlled at levels representing typical teacher ufage. 

The students were tested immediately following the 20-minute lessons. 
Student participation involved either completing or not completing 
handouts during the lesson. 

Smith reported that overall student achievement was not 
significantly affected by uncertainty, bluffing, or participation, 
but significant differences were found in student perceptions 
and attitudes. In general, uncertainty and bluffing terms caused 
decreases in student achievement and attitude on certain test items. 
Similarly, decreases wer« also associated with non-participation 
of students. Nevertheless, language usage by teachers is a factor 
deserving greater research attention. 

Crook studied the effects of BASIC programming on seventh- 
grade students' abilities to use and understand the concept of 
variable. Two student groups were formed randomly, one receiving 
15 one-hour sessions in BASIC and the other receiving 15 hours 
of classroom instruction. The treatments were reversed after 
a midtest. Crook concluded that some concepts of variable were 
learned by programming, and that the programming also enhanced 
kfowledge of variable that students had gained through classroom 
instruction. Neither sequence, programming followed by classroom 
instruction or classroom instruction followed by programming, 
proved superior. 

Comstock investigated the development of the concept of 
variable among seventh graders during their introduction to the 
use of letters to represent numbers. Comstock found that these 
students initially thought of a letter as representing a specific 
but unknown number. Later students were able to describe a letter 
as representing any number, but then were unable to use a letter 
as a symbol for operations. The research seemed to support the 
conclusion that so often success in learning mathematics is a 
matter of the cognitive level of development of students. 

Methods of Content Instructio n 

Research during 1987 dealt with childrens' experiences in 
counting; early number relations and operations; measurement 
and geometry; and instruction related to algebra, functions, 
and probability. Each piece of research had implications for 
the improvement of instruction in mathematics at various levels. 

Counting . Historically as well as psychologically human 
experiences with nmvvr began with counting. In attempts to 
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better understand how children learn arithmetic and mathematics, 
t seems highly appropriate that counting should be the focus 
of research attention. 



K"*? ^''•''c^ 1987) conducted structured clinical interviews 
?! 2 : % 7 '"^'J ranging in age from 4 years. 11 months 
to 6 years. 7 months, with a median age of 5 years. 4 months. 
During .i,e nir,e-month study period, Baroody focused upon (a) 
fj? !!rl"' concrete counting (CC) strategy for addition, 
(b) the transition from concrete to mental strategies, and (c) 
the role of cowmitativity in counting. 

17 was surprised to find that all but three of the 

:„ ImI'A?^ J'*'..*^ ^ ■ strategy when presented with 

^" horizontally on a card. 
Kr!!!:*'^ ''iJ ^^"^ children learned a CC strategy quickly. 
The remaining five required as many as 12 to 21 demonstrations 
wo I earn a strategy. 

4« .Baroody found three types of mental counting strategies 
in children fol owing their mastery of a CC strategy: (5> counting 
tik 5Jr?^"V^*5.*^! "«^«ddend. (b) counting all. stariiSg ^ 
VhaLI^^ larger addend, and (c) counting on from the larger ^ 
addend. A knowledge of coimwtativity of addition didn't appear 

cJ.Jf.lIff®^''^ I?"" children to employ more economical addition 
strategies depending upon commutativity. 



Kindergarten children had to be shown 
counting strategies whiHi presented with 
a simile sddltloR task, but aost learned 
such strategies ciulta quick!/. 
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rKfJ t^M''"^^^* J?87) varied the typical counting situation 
J? oiJIl**'^" jy.presentirtg thrm with items involving the concept 
?L« I to another person (e.g.. You ha^e been promised 

In! mf!!I ^tf"^® a^'e given to the child). 

How many candies do I owe yo:i? . A sample of 28 day-care children 
ranging in age from three years, eight months to six years, three 
months were presented "owing' problems. 

The children were given a problem in which the number of 
cand.es was handed to them, and they were requested to determine 
how many candies were still owed them Problems wprp nrocont-d 
.n Wm.cm One. two. or three candies were owed. The number of 
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correct responses tended to Increase as the owed numbers became 
smaller. If the child's response was incorrect, he or she was 
given a tray of seven candies to aid in solving the problem. 
The successful children either took one candy at a time from 
the tray until the correct sum was obtained, or paused to recount 
the candies in their hands. In any event, counting methods were 
employed by the children to solve the owing problems. 

Adey (October, 1987) explored the possibility that task 
demands may mask the conceptual awareness of the necessity to 
employ counting methods when addition situations are presented 
to young children. This conjecture may explain why Baroody found 
that many children had to be showr concrete, counting procedures 
in the presence of addition situations. Adey's sample consisted 
of 40 children, 20 three-year-olds and 20 four-year-olds, from 
preschool and day-care centers in Adelaide, Australia. Adey 
found that when children received both visual and tactile feedback 
during addition problem situations, their counting performances 
greatly improved over occasions when they did not receive feedback. 
Furthermore, Adey observed that preschool children understood 
that items can be counted in any order before they appreciated or 
Intel lectualized that a sum is not changed by the order of counting 
of items. 



Preschoolers' apparent inabilities to use 
counting mettiods In response to addition 
situations may be masked by the complex- > 
Itles of the task demand. 



Yarmish (February, 1987) studied the abilities of five- to 
ten-year-old Down's Syndrome children t6 perform certain equiva- 
lence tasks in the presence of certain potentially confounding task 
variables. Yarmish found that perceptions of shape, color, and 
area interfere with the child's perception of number. A positive 
correlation was found between performance and age. Results suggested 
that Down's Syndrome children may not be as limited in perceptions 
of number as had been previously assumed. 

Newman, Friedman, and Gockley ( October, 1987) studied 38 
children (19 kindergarteners and 19 first graders, 20 boys and 
18 girls) with a mean age of 6 years, 2 months. All children 
could count accurately by ones to at least 36. The children were 
presented stimulus disolavs of 1?. ?4. or ?fi Hnt< in 
pattern , clustered format, or rectangular array on an Apple II 
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microcomputer monitor. The children were shown 27 displays: nine 
consisted of random arrangement of dots; nine consi-*.ed of clusters 
of 2, 3, or 4 dots each; and nine consisted of rectangular arrays 
of 2. 3. or 4 dots per column. Each child was asked how many dots 
appeared on the screen, after which their responses were recorded. 

The researchers found that children were quite accurate in 
enumerating small -numerosity and non-random displays. They were 
likely to report counting by multiples, rather than ones, on small- 
numerosity and clustered displays. The children also counted by 
multiples of twos, threes, or fours that corresponded to the number 

J JH 5"*>9»'«"P^"9S. It appeared that clustered arrangements 
stimulated more multiple counting than rectangular arrangements, 
especially when the total number of objects was large and the 
size of subgrouplngs were small. There was a tendency to count 
by ones large-number displays which were arrayed randomly or 
in rectangles; however, the children were more likely to count 
in multiples when given large displays that were clustered. 



Kindergarteners and first graders iiave a 
tendency to count large displays of dots 
by ones Nfien the dots are arrayed randoaly 
or In rectangles, but count by njltlples 
those large displays that are clustered In 
SMiler subgrouplngs. 



Cowan (June, 1987) conducted experiments of counting with 
Children of a London, England nursery school. He concentrated 
upon present ng the children with cards on which dots were arrayed 
in rows and in various colors. The children were instructed to 

SJ"wf! °[1 J^® ■T^® children were classified 

by levels depending upon their counting success. 

Cowan reported a variety of interesting findings. In the 
first experiment he found that children judged (a) equal -number, 
unequal-row-length displays more accurately than (b) unequal- 
number, unequal-row-length displays, which in turn were judged more 
accurately than (c) unequal -number and unequal-row-length displrys. 
In th(j second experiment, (c) was judged least successfully, as in 
the f rst experiment, but (a) and (b) ware judged with about the 
same level of successful ness. 

^ Early Number Relations and Operations . In 1987, research 
was uCmc related to cniidren s interpretations of the equals 
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sign, their judgments related to commutati vity, their experiences 
with addition and subtraction strategies, and their understanding 
rolated to fractions, decimals, and rational numb(?rs. 

ftost children probably interpret the equals sign in a number 
sentence as an instruction "to do something," e.g., 2 + 3 = 
ifviies the child should add 2 and 3 and write "5." P,.e would hope 
that children would advance to the stage of interpreting the equals 
sign as "the same as," e.g., 2+3 = 5, means "2 + 3" is the same 
as 5. Cobb (May, 1987) studied 34 children from five classrooms 
during May of their first school year. He felt that there would be 
differences in equals sign interpretations of children who were 
subjected to more codified, textbook learning experiences than to 
self-generated methods of arith-iietical learning, particularly 
in relation to three recent models of early number development 
Cobb also mtsrviewsd the teachers of these children to determine 
their reliance upon the textbook, their teaching methods, jnd 
their sensitivity to self-generated learning methods of students. 

Cobb concluded that the "do something" interpretation of 
the equals sign appeared to De deeply rooted in social interactions 
with the teacher, that is, when confronted with "7 + 3 = ," 
the student does something that the teacher wants completedT"' 
that IS, produces the answer, 10. He felt that there is little 
reason to stress the "same as" meaning of equality until children 
can construct appropriate relations between numbers as objects, 
express numerical understandings, and develop conceptual number 
structures. He also noted that "If there is one lesson to be 
learned from this analysis, it is simply the value of teaching 
by negotiation" (p. 122). 



,1 • 

' In order that children might experience 
i more self-generated nethods of learning 
i arithmetical operations, teachers might 

employ more "teaching by negotiation," ! 
> i.e., a concerted effort to mesh the 

goals of pupils and teachers. ! 

' i 



Comiti and Bessot (February, 1987) described an activity 
involving French children in classes equivalent to the second 
grade in the United States. The teacher chose two numbers, which 
were then written on cards. The numbered cards were given to 
two children, who attempted to determine which student had the 
larger number by writing questions on a sheet. No talking was 
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permitted, and the only forbidden question was, "What is your 
number?" The research hoped to use an epistemological approach 
to the study of numeration, to create a situation which would 
encourage students to use numeration rules for solving a problem, 
and to eliminate the students' dependence upon outside assistance. 

Comiti and Bessot reported two major strategies: (a) the 
student attempted to find the unknown number (e.g., "Is 15 your 
number? ) and (b) the students attempted to order the two numbers 
le.g., I. your number larger than 35?»). It was felt the children's 
knowledge of numeration underwent change during the activity. The 
children not only established links batween numeration rul<»s and 
number orders, but they made these links operational. 

Baroody (January, 1987) evaluated coramjtativlty as understood 
by 34 moderately retarded students ranging in age from about six 
to nearly 21. years. He grouped the students into four groups 
according to training in addition: (a) no training; (b) minimal 
training; (c) moderate training; and (d) regular training. The 
students were interviewed individually outside their classrooms. 

*i. ♦ interviews essentially involved having the student observe 
that 5 + Z » 7, e.g., five cookies and two cookies make s.ven 
cookies, and then asked whether or not 2 + 5 would also make 7. 
A total of 16 trials were conducted over two days in which both 
commuted and noncommuted addition pairs of numbers were presented. 

About 50 percent of the retarded students who had or were 
receiving computational training understood commutativity as a 
general principle. The results also suggested that even moderately 
retarded students could learn or discover this principle. 

Beentjes and Jonker (Fall, 1987) investigated Inconsistencies 
in addition and subtraction strategies with 168 second and third 
graders in six Dutch elementary schools. For this study, consistency 
was defined as solving comparable sums using the same strategy. The 
researchers considered three questions: (a) How many children were 
Inconsistent and why? (b) Were inconsistencies tied to specific 
errors?*"** inconsistencies lead to irregularly appearing 

In response to the first question, Beentjes and Jonker found 
that almost 50 percent of the children showed inconsistencies. The 
Inconsistencies were not concentrated in certain types of exercises 
but were found in nearly every set. In regard to the second question, 
it was found that inconsistencies were more prevalent in unfamiliar 
types than in familiar-type exercises. Thirdly, inconsistencies were 

associated with rpptaln efrafanlar A»«mn1e. 
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A2 - 15 
40 - 10 
5 - 2 
30+3 



30 
3 

33 
33 



or 



46 
40 
6 

20 



23 
20 
3 
3 
23 



20 
3 
17 
17. 



so, 42 - 15 



so, 46 



Since children's uses of strategies varied with the same exercise, 
inconsistencies occurred irregularly. 

Carnine, Engelmann, Hofmeister, and Kelly (Winter, 1987) 
described a videodisc program entitled Mastering Fractions , which 
consisted of six steps designed to assist teachers in diaqnosing 
and remedying student problems. The steps were: 

(a) The narrator posed questions, to which the students 
resDonded orally. The classroom teacher njonitored 
and assisted students. 

(b) Immediately following the demonstration, the students 
worked on exercises which the teacher monitored. The 
last exercisvj was an informal test which was followed 
by a remedial disc lesson if more than 20 percent of 
the students fulled the exercise. 

(c) Students did homework without teacher help. 

(d) The next lesson began with a short quiz, foilowed by 
specific videodisc remediation, if needed. 

(e) Every fifth lesson was a quiz, which was again followed 
by specific remediation as may have been needed. 

(f) The learned skill was reviewed on every or every other 
lesson or used later in a more complex skill. 

This highly *'ine<i program was cofnpared with i basal textbook 
approach which bev^an each lesson with an introduction followed by 
pages of explanation and independent work by students. The videodisc 
program was designed to insure student attention which may or nay 
not have been attained with the basal textbook. 

Ten lessons from the interactive videodisc course. Mastering 
■ Fractions, were compared with 10 comparable lessons from Mathematics 
Today , published by Harcourt Brace Jovanovlch. The students were 
32 mildly handicapped and remedial high school students randomly 
assigned to the two methods. The students were pretested, posttested, 
and maintenance- tested. The results of the testing appeared to 
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favor the videodisc treatment, and *he researchers felt that n-^ 



Jl^^*^!^* "f^^^^f^ ppograas mn successful 
in teaching concepts of fractions to ■lidly 
handicapped and renedlal high school students. 



did rot undeJsUM the"^? .1 p^Lt e oHL^I.u'ri'" 
aiwa« nroS." 'Je,i»i 'conceptions that multlpHcatior 

thrpo^rj^i; *]^° Investigated nonconservation by interviewina 

Hieviousiy as Deing possible nonconservers Tt wae *n„^M *.u,* 
conservation for decimals seemed as diffir.'.it Jn JL 
standard Piagetian col^eJva??^ tasks! '° " 

undersiaJiin^'iViSJiJ* l??J)J"vesti gated rational nu-nber 
VaHo..« fifth-, and seventh-grade students 

llnlT 0^ fractions were tested: word, set and 

tltn n;^ Pe'-^ormance on region embodiments tended ti bl \ollr 
ISSm^nlr^'^J?^^?""*'- '^^^^^^ embodiments the mos? dm?cSu 

reseavi^h'rel^^rf In"^ geometry, m this section, we will review 
Lo^o Jh/! * *° measurement, ti.e learning of geometry usino 
?«^%-°P^"* 0^ the concept of angle in ?hiTdre?. anS^ 
van Hiele levels and geometric thought. ^-nnaren. ana 
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Boulton-Lewis (November, 1987) attempted to determine children's 
sequential knowledge of measuring of length. Three different 
sequences of length measuring knowledge were defined. The first 
was a logico/mathematical sequence of skills based upon measurement 
theory. Skills were determined and ordered according to their 
being prerequisites for subsequent skills. The second sequence 
of skills was ordered according to the ages at which 50 percent 
or more of children could master the skills, as determined by a 
review of the research literature. The third sequence was based 
upon analyses of children's capacities to process information 
related to skills. The three sequences were designated as Logico/ 
Mathematical, Literature, and Information Processing Sequences. 

Boulton-Lewis tested 80 children from kindergartens and primary 
schools of Adelaide, South Australia. The tests included a memory 
space measure In which children were asked to recall the numbers 
of colored squares on cards presented to them in a particular order. 
The children s short-term memory was measured by determining their 
abilities to repeat numbers and words presented to them. The 
children were further tested on a series of some 22 variables 
ranging from their abilities to quantify the numerosity of small 
sets without overt counting to constructing horizontal lines and 
measuring them with a 30-cm ruler. 

The analyses of testing of the children revealed that the 
sequence for acquisition of length knowledge was closely related 
to the children's abilities to process information. Increasingly 
complex knowledge of measuring was associated with increasing 
M-space and short-term memories. Such knowledge as invariance 
of length and cardinal number appeared to be closely related 
to information processing capacities of children. The researcher 
suggested that the curricular sequence for length measurino should 
emphasize the logico/mathematical sequencing with special attention 
to M-space, short-term memory, and capacity to process information. 

Logo has become popular in many elementary schools. Noss 
(November, 1987) explored children's conceptions of length and 
angles with 84 children who had learned Logo and 92 who had not. 
The children were between eight and 11 years old. In Logo, the 
ideas of length and angle are related directly to the conmands 
of FORWARD and RIGHT. 

The children were distributed among five classrooms in five 
schools. Each class was equipped with one computer, a printer, and 
a floor turtle. The teachers taught their classes and accommodated 
Logo with the on-going class activities. The Logo work was not 
linked to their mathematical studies, and geometry was not explicitly 
tauc.ht to the children. The students worked about 75 minutes per 
week on projects related to Logo. 
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Children who had used Logo and those who had not were tested 
after a year with a 12-itein test, six items related to the concept 
of length and six related to angle. The items were designed to 
tap length conservation, combination ( e.g., additive property 
of length), and measurement; right angle conservation; and angle 
conservation and measurement. 

results showed a positive effect of Logo upon children's 
understandings of length conservation and the concept of unit 
c. measurement. The results for angle understandings were far 
more pronounced, with significant effects in favor of Logo on 
the students conceptions of angle conservation and measurement. 
The Logo students were significantly better than non-Logo children 
at ignoring the orientation of angles and side length when judging 
the relative measures of the sizes of two angles. J « y 



ResMrch suggests that Logo experiences ny 
enhance children's understandings of angle 
conservation and angle aeasureaent. 



Robinson (January, 1987) focused upon the effects of length 
of the sides of an angle and/or the rotation of the angle upon 
students perceptions of angle measurement. Foirteen third and 
fourth graders participated in the study. Three methods were 
used to assess the children's understanding of angle: visual 
perception, manipulative construction, and Logo programming. 
Scores were obtained for the children, and levels of development 
were established based upon the score totals for each child. 

, ,IJ these levels of development correlated 

Significantly with achievements on a standardized mathematics 
test but not with age of the children, it was also felt that 
the levels of development would be useful in devising a curricular 
sequence for angle development. 

The theory of van Hiele levels of geometric thought was 
the subject of two investigations: Kay (February, 1987) and 
Denis (October, 1987). Kay concluded that the van Hiele theory 
may not describe adequately the full complexity of the ways in 
which young children understand geometric thought. In particular, 
she felt that the van Hiele theory may describe the development 
of concepts when instruction proceeded from "specific" to "general," 
but not when instruction went from "general* to "specific " She 
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also concluded that regardless of Instruction, so.t« qeometrical 
concepts will be initially understood best through induction and 
others best through deduction. Denis compared the relationships 
between Piagetian stages of cognitive development and van Hiele 
levels of geometric thought among 156 Puerto Rican adolescents 
who had studied high school Euclidean geometry. The researcher 
concluded that the geometry curriculum should be revised to reflect 
more closely the van Hiele levels, and provisions should be made 
to ascertain the Piagetian levels of development in students, 
although the relationships between the two theories did not aooear 
stable. 

Algebra. Fu nctions, and Probability . Research related to the 
teaching of algebra, function concepts, graphing, and subjective 
probability will be discussed in this section. All three of these 
are crucial topics in the mathematical development of students and 
?^-»T°** r*"*!!^ °^ attention of researchers. Al-6hamdi (August, 
1987) explored the uses of microcomputers in learning algebraic 
concepts, Petkovich (June, 1987) experimented with teaching algebra 
with worked examples, and Norman (September, 1987) studied unitizing 
strategies in algebraic and graphical contexts. 

"Hy Dear Aunt Sally" (multiply, divide, add, and subtract) 
is a mnemonic convention that has been used by many teachers for 
teaching the order of operations. Al-6hamdi found that the time 
spent teaching the topic of order of operations including conventions 
may be inadequate. Al-6hamdi also compared the teaching of order 
of operations using microcomputers with traditional methods with 
132 students of three Florida high schools. It was found that the 
microcomputer approach was more effective than traditional methods 
as measured by tests of achievement, retention, and transfer. 

Petkovich had 117 ninth-grade algebra students, who had 
failed a pretest on equation solving, study one of four sets 
of worked examples on algebraic equation problem solving. The 
students also studied memory retrieval cues. They were tested 
immediately, 15 days, and 30 days after instruction. The students 
who studied a wide range of examples were capable of generalizing 
what had been learned to more complex problems. 

Norman studied the unitizing strategies of 43 ninth-grade 
algebra students, 26 prospective elementary and middle school 
teachers, and 9 preservice secondary mathematics teachers. It 
was found that some students did not unitize in certain algebraic 
situations, but when students did unitize, they used one of there 
methods: instrumental, recognitive, or operational. 

Function was studied carefully by Davidson (December, 1987). 
He defined three categories of tasks to represent functions: (a) 
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functions defined as exchanges of properties (e.g., completing 
a path th:-ough tunnels which involved exchanges of routes); (b) 
functions oefined as rotations of regular polygons (e.g.. predicting 
the location of the vertex of a colored square after rotation 
according to pictures of various configurations); (c) and morphisms 
(e.g., matching wooden triangles to colors while preserving cyclical 
relations among dots). In addition, numerical tasks and logical 
tasks were also devised. 

Seventy-two children aged five years to nearly einht years of 
age were tested and videotaped in a laboratory setting: Jhreu 
different sets of material' were used in each testing to study 
functional, numerical, and logical concepts. Simpler problems 

*'Srf.il"*'J?r ability children and more complex for higher 
ability children. " 

Davidson found a difference between five- and seven-year-old 
Children. Trial -and-error procedures in five-year-olds were 
replaced by anticipatory or inferential strategies i.i seven-year- 
olds. In the tunnel task, this transition happened at about 6.5 
years of age. It was found that numerical and logical performances 
were related to functional ability, whereas, displacement functions 
were associated with logical but not numerical abilities. 

10Q7^^*IlT*^?*^S^*P^^ investigated by Voncfir Embse (November, 
1987) and Curcio (November, 1987). Vonder Embse compared expert 
and novice graph readers. Fifty students viewed five graphs of 
polynomial functions on a computer monitor. The viewing area was 
partitioned into 99 blocks of equal size. The blocks were identified 
as important or less important depending upon what they contained, 
e.g., a block containing a maximum value was considered important. 
Two variables were measured: (a) average length of fixation for 
each block, and (b) percent of total time spent in each block. 

It was found that expert graph readers had significantly 
greater average fixation in important blocks than noviC'»s; 
otherwise, differences between novices and experts were not 
significant. Vonder Embse recommended that students should be 
provided with substantially greater experience in reading, inter- 
preting, and using graphical information. 

Curcio tested 204 fourth graders in New York City schools 
for their comprehension of graphs, prior knowledge of mathematics 
and graphical forms, reading achievement, and mathematics achievement. 
Reading achievement, mathematics achievement, and prior knowledge of 
graphical forms were the best predictors of graphical comprehension 
for the fourth-grade students, ^urcio also recommended more 
graphical experiences for children. 
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Researchers recooMend that students be given 
■ore experiences In reading. Interpreting, and 
using Inforwtlon presented In graphical fom. 



Huber and Huber (December, 1987) determined whether or not 
subjects would apply six formal principles of mathematical 
probability when confronted with two kinds of problems: a 
gambling task with objective probabilities and a sporting task 
without objective probabilities. TNe six formal principles varied 
from transitivity (i.e., If event A is more probable than B and 
B is more probable than C, then A is more probable that C) to 
complements (i.e.. If ever'c A Is mor^ probable than R, then the 
complement of B is more probable tha the complement of A). 

They experimented with 144 Austrian subjects ranging in aqe 
from nearly four years to 19 years. The subjects were partitioned 
into 14 groups according to ages and presented individually with 
the two tasks. Their reactions to these tasks were used to infer 
their intuitive understand^r . the formal probability principles. 
Huber and Huber found tha' subjects were able to apply the formal 
principles, without verblizing them, and that these principles 
appeared to be a better framework for subjective probabilities 
than numerical probabilities. This latter findinn may not agree 
with the current and somewhat popular belief that'probability 
should be initially introduced with a numerical study of data 
sets. 

Mathematical Inscruct i ciial Materials 

Textbooks, supplementary materials including calculators, 
and c-^-^puter uses were studied by researchers during 1987. The 
text jk is very often the core of the Instructional program in 
many schools. In addition, large sums of money are spent each 
year by school districts ir. purchasing textbooks. In spite of 
these facts, the number of studies related to textbooks has never 
been lar 2. Supplementary materials and especially calculators 
are being used in schools but perhaps not as extensively as they 
should be. Research interest in computers was very significant in 
1987, with a large number of studies. We shall consider research 
related to textbooks, supplementary ma rials, and computers. 

Textbooks. Researchers analyzed textbooks to determine how 
much of the content was new, compared and analyzed the coverages 
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of textbooks, made comparative evaluations, and explored wavs 
thkt books might be enhanced. 

««».^-e^!II*'®I;^^^®5*!!I*®^» ^^^^^ analyzed three popular textbook 

J® ^^^ebra books published by the same companies 
°^ °^ ^^^^^ »>ooks would be new 

« Sli students. Each page of the textbook was classified 
JJoIr?:-. neutral. New material appeared in lessons, in 
rSrJ n!^.«w Jl materials. If any page of the textbook 

5s pJSi. JJ«r?'r^'^' exercise, it was classified 

?es?r,:«r« pictures, chapter reviews, and chapter 

c'wsi^'ied as neutral. Supplementary materials at the 
beginning or end of the textbooks were not included in the analyses. 

,Kn../iX"JrL^^""*' *5'* 0^ g^-ades two to five encounter 

Jp?? t!?t !mc Pe'^e"* ""ateriai in the textbooks examined. He 

nil m^k bI til fSoI;;^"'^*^ °' ^^"^^ °^ instruction 
Si^nniS J? ® 0^ new material had 

?r^E?!^Jj-^°uP®!:""! S'^^"* days 0^ instruction each we->k. 
un the other hand, about 88 percent of the material in algebra 



An analysis of three popular textbook 
series revealed that only about 30 
percent of nterlals In eighth-grade 
textbooks was new. whereas. 88 percent 
of the nterlal In algebra bookf was new. 



„>nx?!^®!^u"*'c'^^^"^P^ (Winter, 1987) assessed the curricular 
validity of the Stanford Achievement Test by quantifying the 

?r fLf ^^^"^ conten. of the textbooks used 

lit??! °^ a Midwestern school district. A ISO-cell 

?f!lllS^*"i!^"*^°'' "ed to analyze the test and 

textbooks. Thf. content in the textbooks covered almost all of 
che 53 cells in the matrix assessed by the Stanford Test. 

m.^Kj^IS'^ analyzed five of the most popular elementary 

JJiJpj;^!'? books to determine the teacher and student behaviors 
iJTJJ^Ji ^" ^^'e teachers' t-ditions of each textbook. The teacher 
behaviors suggested most frequently were: (a) explain using a 
specific example, (b) illustrate usina the text displa (c) work 
JilJoL/^""? students, and (d) elicit general student 

^! C? 5\u^^^^^"^°"^ percent of the lessons suggested questions 
for which the answer could be found d.rectly in the lesson. It 
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should also be noted that research over the years has revealed 
that about 80 percent of the time class discussions are dominated 
by low-level questions, which is not surprising in light of these 
textbook findings. 

Two approaches to geometry instruction, one that provided 
informal instruction followed by proof during the second part of 
the cour^" and another that emphasized proof throughout, were 
compared by Han (April, 1987). The subjects of the study were 478 
geometry students in two high schools, one of which used the first 
approach (informal followed by proof) and the other which used 
the second approach (proof throughout). A significant differenc- 
was found in favc- of the second method in both proof-writing 
achievement anc* attitude toward proofs. 

The use of textbooks by Saxon has been controversial for 
years in the. mathematics education conmunity. Saxon calls one 
of the features of his textbooks "incremental development." 
This refers to repeated practice and drill over extended time 
periods. Johnson and Smith (November/December, 1987) compared 
the Saxon Algebra I approach with a traditional textbook approach 
using two large (136 and 140 students) group-. One group received 
instruction from the Saxon book and the other from a traditional 
textbook. Johnson and Smith found no significant differences 
between the two approaches in the cognitive domain. The Saxon 
book used with the experimental group was popular with students 
and teachers. 

Supplementary Materials and Calculators . Scott (January, 
1987) studied the per'teived uses of mathematics materials, Szetela 
and Super (May, 1987) investigated the uses of calculators for 
problem solving in grade seven. Heath (November, 1987) considered 
microcomputers as well as calculators, and Wells (June, 1987) 
looked into the relationships between journal writing and achievement 
among elementary school children. 

In the past, mathematics teachers have often maintained c'lass- 
rcom instruction close to the textbook presentations. Supplementary 
materials were used more often in elementary than secondary classrooms. 
Scott surveyed the uses of supplementary materials in grades one 
through five in 1981 and 1984 in a large urban school district. In 
1981, about 90 percent of the teachers of grade five used rilers, 
the most-used material. This usage was followed by protractors, 
compasses, thermometers, volume njeasures, geoboards, calculators, 
math balances, base ten blocks, and geoblocks. In 1S84, the use 
of each of these had increased. The use of calculators rose from 
27 percent of the teachers in 1981 to iiearly 94 percent in 1984. 
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The use of calculators for Instruction by 
grade five teachers of a large urban school 
district Increased fro« 27 percent of the 
teachers In 1981 to nearly 94 percent of 
the teachers In 1984. 



Szetela and Super conducted a study which added to the growing 
evidence supporting calculator usage in mathematics classes. Twenty- 
four seventh-grade classes in a large Canadian school district were 
taught proMein-solving strategies by specially trained teachers. In 
14 of thes-e classes the instruc'cion involved the use of calculators. 
The calculator classes scored significantly greater than the non- 
calculator groups on attitudes toward problem solving as well as 
achievement on paper-and-pencll computations. 



A Canadian stu<|y showed that seventh graders 
using calculators scored significantly better 
than non-calculator classes on attitudes toward 
problem solving as well as p»per-and-penc11 
co^wtat1:>ns. 



Heath found significant differences in favor of a calculator 
group in computation and attitude towa.-i mathematics over a non- 
calculator group at the eighth-grade level in Phoenix. Arizona. 
However, he found that low-acKieving eighth-grade students who had 
access to calculators did not achieve greater than those who used 
only paper and pencil for computations. 

Wells investigated the relationships of mathematics instruction 
on measurement and place value with journal writing for pupils 
of grades one through three. A total of 250 students participated 
in the study. Wells found that journal writing with mathematics 
nstruction appeared to help those third-grade students who had 
gr-ders'"' '^"°*'le<l9e of place value and regrouping among third 

Computers. During 1987. a very sigi.ificant number of studies 
was done related to cor,<puters. Research was conducted at nearly 
every grade level. Computer assisted instruction. Logo, and 
various uses of microcomputers were the topics of investigations. 
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One always hopes that a question will be researched sufficiently 
so that stable, definitive conclusions might be established. It 
would seem that research related to computers may be close to that 
stage. 

Shanoski (April, 1987) analyzed the effectiveness of microcomputer- 
assisted versus traditional instruction of primary and intermediate 
grade students. Eighteen intact classes of students received drill- 
and- practice microcomputer-assisted instruction for a minimum of 
20 minutes per week for 20 weeks. Fourteen intact classes were 
not administered the drill-and-practice sessions but did receive 
traditional instruction. The microcomputer classes performed as 
well as the traditional classes on standardize'' achievement measures 
afte - the treatment period. 

Grady (April, 1987) studiel the use of computers for teaching 
graphing, the metric system, and problem solving to students of 
grades six and eight. These topic- were chosen because teachers had 
identified them as difficult to teach and because oftware that did 
not dwell excessively on drill and practice was available. Four 
computers were placed in each of the experimental classrooms for 
two months. Teachers used the computers in larga-group instruction, 
and the students worked with the computers for 30 minutes every third 
day of clashes. The control group rerformed paper-and-pencil work 
without computers. The homework wat the same for all students. 
Grady concluded that the computer-based instruction had a significant 
impact on the students' achievements. 

Logo, a popular elenentary programming language, was studied 
by several researchers. Rieber (February, 1987) looked at Logo 
with second-grade students, Hamada ^January, 1987) studied Logo 
VlJ5 JSv^^^'S^***® students, and Kelly, Kelly, and Miller (Winter, 
1986/87) worked with Logo and fifth and sixth graders. 

Rieber pointed out that Logo may be- tfie "...the most significant 
educational software of the decade" (p. 12). However, he noted that 
Logo had not lived up to all of its promises for providing a highly 
significant educational experience for children. He explained that 
the Bank Street College Project in New York and the Univer.>,ty of 
Israel Project had cast serious doubts concerning the educational 
benefits of Logo. 

Rieber conducted a three month study with second-grade students 
to investigate the claims that experiences with Logo will improve 
problem-solving abilUies of students and will also provide incidental 
mathematical skills and insights. Twenty-five second-grade children 
of an experimental group received approximately one hour of Logo 
programming experience each week. The teachers working with students 
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oi^^JA"^^^^ <*^"Overy approach. The control group consisted of 
ZZ children from a different classroom in the same school district 
as the experimental children. 

Two pre- and posttest measures were given students of both 
classes. There we-e no significant differences on the pretests so 
the two grojps were considered comparable. The posttest measures 
sign f leant ly favored the Logo experimental group on both problem 
?J]j^!:?c';J mathematical learning" Rieb^r concluded 

J^iL s^'^ongly supported the educational claims for Logo 
in problem solving and incidental mathematical learning. 

On the other hand, Hamada found in a study of 150 thi.-d-orade 

JhJ^S Ji'il^'JS ^^^1. "^"^ "° significant differences among 
third and fourth graders who had been exposed to Logo and those 

t5!^[I?!: 0" Problein.soiv<..g tests, there was no difference 
ar»ll JJI i;rf?® leve between the two groups, but in fourth 
grade, the non-Logo children outperformed the Logo group. 

f^^^^i.S^^^* approached their evaluation of 

wJJ^IH ^J1 7®*^"* inquired as to whether or not 

working with Logo would enhance basic understandings of angles 
and distances by fifth- and sixth-grade children. The study 

®5 ^"^^ ""o®^ y"*" a second-year follow-up 
Of fifth-grade students who continued with Logo in the sixth 

VJ^il: el*^„*^^""^ °^ grade levels were irvolved 

in the study, one receiving Logo instruction and the other not 

II Vll^^ li® instruction. Kelly, Kelly, and Miller concluded 
that the effects of the Logo instruction were not sufficiently 

III A :° fable them to conclude that after one year of instruction, 
bPtt«i"J5IIi'c?L!^! Logo group could use angle and distance concepts 
better than students of the non-Logo group. They cautioned (from 
aTn'l!^'^ ?;I":S "^^^ follow-up'study) that an exposure o^r 

a longer period than one year may be necessary before concepts such 
as angle and distance stabilize sufficiently ir. children to make 
difforences in their understandings and uses of these concepts 



Reseafiih related to the effectiveness of Logo 
In developing problea solving and geoMtrlcal 
skills In children mss mixtd. Nevertheless, 
Logo has provided exciting experiences for 
elew»ntary teachers and children! 



CO 



50 



Computer-assisted instruction (CAI) was also the focus of 
several studies. Hessemer Stegemann (April, 1987) and Pflug 
(November, 1987) studied CAI in grade four, Coleman (October, 
1987) considered CAI in grade five, and Mevarech and Ben-Artzi 
(Fall, 1987) focused their study upon CAI in grade six. 

How CAI drill and practice affected motivation and achievement 
of fourth-grade children was studied by Hessemer Stegemann. A 
sample of 69 fourth graders was partitioned into "achievers" or 
"underachievers" as determined by a comprehensive examination of 
basic skills. The children were randomly assigned to one of three 
methods: (a) CAI multiplication drill and practice with a reward 
game (CAIm), (b) CAI multiplication drill and practice without a 
reward game (CAI) and (c) an equivalent multiplication paper-and- 
pencil drill and practice without a reward (Pap and pen). The 
experiment lasted one month. 

When motivation was deteimined by the amount of time of 
participation, the CAI and CAIm students were more motivated 
than the Pap and pen students. When achievement was measured 
as the number of imjlti plication problems done correctly, the 
CAI students achieved greatest followed by the CAIm and Pap and 
pen students in that order. When achievement was measured by 
an achievement test, there were no significant differences among 
the three categories of students. 

Pflug also studied fourth graders while studying multiplication. 
She compared three classes: (a) a CAI group drilled on multiplication 
facts using a computer; (b) a peer- tutored group who were drilled by 
classmates on multiplication facts using flashcards; and (c) a control 
group who drlMed independjntly. Following the ad'-ini strati on of a 
multiplication fact test given to all three groups at the conclusion 
of the 25-day experiment, Pflug found no significant differences, 
among the three groups. 

In a grade five study, Coleman found that variations in the 
pace of CAI instruction did not appear to affect the response rate 
and accuracy of students on mathematical exercises. 

Mevarech and Ben-Artzi studied 245 sixth-grade students 
in three Israeli schools. One school of 71 students had no CAI 
and was the control group. The remaining two schools were used 
for CAI work; one with 82 students employed CAI with fixed feedback 
and the other with 92 students used CAI with adaptive feedback. 

All three schools used a common basic group instruction. 
The CAI schools had three periods of traditional instruction 
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°^ ^""^^^ P^*<^*i" at the computer. 
The school without CAI had four weekly periods of traditional 
instruction. 

m<v*..!l« *'^lEf fixed feedback, the students answered a random 
mixture of problems. The system constantly adjusted the level 
of practice to the ability levels of the students. The resaonses 
Of the student were followed by a message on tS",;,n tor tSS 

;?»;f^5' 9°°^* 9°°^* °^ ^^o^-^-^ct" depend?" ..Sin thi 

student's first, second, or third trial. For incor ^c. resDonses 

tSe Tallin :tlnr "^1 * ti;?erfa5l8dX^p?s. 
the correct result was given to the student. 

The CAI with adaptive feedback was similar to that described 
above except that when a student answered exercises that SIfe 
found to ra se a student's anxiety levels, the responses 

S:r4"elt^?JinTjr?r; r^aln'.'" 
wlthS^^^^^^^ 

The analyses revealed no significant differences on achievement 

ISJf^IS';;^''"* ^ *° lower ?ev!lsTf 

anxiety on "worries about mathematics" and "attitudes toward 
learning mathematics with computers." 



Performnce of students using CAI for 
drill and practice ins usually no better 
than traditional Instruction, but the 
students appeared to have less anxiety. 



n*in, * i^UiT* ^"^y* 1987) investigated the 

* cIuhS^J?; experiences wi. programming will improve 

J^aJI ' ]?? '^«\»'e«oning skills. They concentrated upon 
studying condUional reasoning abilities related to four principles: 

irl rJwJT* ^^!??^" P^ ''"'» inversion, (c) conversion 
tnat contained eight tems for each of the four principles. 

e.^.«J^T.9^°"P^*'!^® included in the study: {&) junior high 
oJoSJ ^^K ^" « ""^versity ieacheriJaining 

ir^oIch'orJhlci 5*"dents enrolled in arts and sciences. 

iJnfJJlJlc^ ?L9''°T.**''® ^'f'o not had any progranming 

experiences. These students were selected for special programming 
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experiences. As a consequence of the study, the researchers could 
not support tM claim that programming experiences improved ccnHitional 
reasoning skills in students. 

Computers in high school were studied by five investigators. 
Donnelly (February, 1987) concentrated upon grade 10, Gesshel-Green 
(August, 1987) focused upon students in Algebra II, McCoy (November, 
1987) considered 800 high school students, Cooke (February, 1987) 
!ll)(!?*^5«ted college preparatory students, and Johnson (January, 
1987) studied 30 profoundly deaf high school students. 

Donnelly tested 177 tenth-grade students with the California 
Arithmetic Test and a mathematics anxiety rating scale before and 
after the experimental group received nine weeks of microcomputer 
instruction. The control group received no computer instruction. 
Donnelly found few differences between the two groups at the 
conclusion of the experii.iental period. 

Gesshel-Green also studied the microcomputer with students. 
In this case, twr intact Algebra II classes were used, with one class 
assigned to a treatment that included a microcomputer graphics program 
during class time and seven sessions in a computer laboratory. Using 
an Algebra II achievement test with both classes at the conclusion of 
the experiment, he found few differences between the two treatments. 

Problem-solving skills including general strategy, planning, 
logical thinking, various algebraic variables, and debugging were 
identified by McCoy as common elements of computer programming and 
mathematical problem solving. She hypotliesized that the prograrrming 
experiences of students would transfer to an improvement in mathe- 
matical problem solving. After testing 800 high school students 
in Virginia after they had had programming experiences, McCoy found 
that the ability of students had the largest effect, whereas, 
programming appeared to have a moderate effect upon mathematical 
problem solving. She recommended that a curriculum should include 
computer programming experiences to imp»*'>ve the problem-sol vino 
abilities of students. 

Cooke developed a software unit on exponential and logarithmic 
functions at the pre-calculus level. He tested the material with 
11 randomly selected classes. The results were positive, indicating 
students could learn successfully from the software materials. 

Johnson evaluated the effectiveness of two methods of instruction: 
(a) teacher-directed and (b) computer-assisted, for teaching abstract 
niathematical concepts to deaf students. A sample of 30 profoundly deaf 
students from four northern Illinois high schools participated in the 
study. The students were randomly assigned tc the teacher-directed and 
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the computer-assisted groups. Students were taught in small groups 
of one to three students each. "Geometry with Logo" was used with 
the computer-assisted group, and the teacher attemoted to duplicate 
this program with the teacher-directed class. k '^<««.e 

wuh !!*n!!lL!!I*' f V"^ instructional period. Johijson tested both groups 
Jl?itJdr?«r^ ^nJi:«'"/'''5'''* r'*''°"^"9 test, and a differential ^ 
tSo''JS3es'of'insi?I;c??o"n'°""' "° ^^^mficant differences between the 



Research has not Indicated that students who were 
exposed to experiences In co^wter prograMring 

-♦SS!?'^*"^^**** Instruction becan bettef 
MtheMtlcal achievers or problen sol/ers than 
students Mho received conventional teacher^ 
directed Instruction. By the saw token the 
coaputer experiences didn't seea to hinder 
their progress! 



SUMMARY 



cf»...rf!.J ^^®^^ research reported in 1987 related to the 

an75ncJru;??.:,T"^J'* °? °^ c°"tent instruction. 

« materials in mathematics. The relationship of 

?!c J P^°3ram to the instructional objectives of 

i:Jh: Investigated by Hughes. She found that, the 

JIISfT'J Pr°?T district objectives in early 

l2 VnJ!'l ^f}^^ S''"*'"- ^"""5 ^o^- this discrepancy 
hHe third2ficie!Icy"""°* ^^^^ ''^'"^ 

Dickerson found that a child's use of the concept 
Of one-to-one correspondence was highly dependent upon the oerceotual 
system presented to the child. Windows. fSr example^ insteSS S?'^ 

1 LmS JSnii:^ ^^^^^^ one-to-o^e strategies 

iJt JT^oSJl ?f®": The commonly asked question as to whether 5r 
I« !I?f ^J^"'^** Geometry as a course in high school 

was researched, but no definitive conclusions were reached. A 
Ic ?o SJUho^^r*'''^!! completed by Miura raised the question 

L °^ structure of Asiar. languages having 

nwJfn'^ '"^^''i influence the mathematical learning of Asian 
n.^iii^® *'^';"" ^^^''^ °^ these languages to basic 

number structure. She concluded that this affinity probably did 
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increase achievements. Classroom language which included uncertainty 
or bluffing was found to affect negatively the attitudes of students. 



Counting is certainly one of the earliest number tasks learned 
by children. Baroody was surprised to find that a significant 
number of children had to be shown concrete counting strategies 
in order to perform simple addition tasks. Mitchell varied the 
counting situation by introducing the concept of "owing" candies. 
This novel approach was promising but not a panacea for problems 
of early additive number development. Finally, Adey explored the 
possibility that the actual task demand may so mask the conceptual 
situation for children that they fail to employ counting methods 
for addition situations. This is certainly worthy of future 
research attention. 

The appearance of the equals sign in an exercise is often a 
signal to the student for "action" rather than "meaning," according 

to Cobb. The student seeing 3 + 5 « is poise i to act, probably 

because his or her teacher has stressed that interpretation. Mathe- 
matics educators hope this signal for action will be replaced by 
a relational concept, e.g., "3 + 5 Is the same number as 8." Comiti 
and Bessot found that number guessing games operational ized as well 
as deepened number properties with French children. Greer found 
that decimals provided conceptual problems in 12- and 13-year-olds 
Ireland. For example, more than half of the children 
n 2o « selecting 0.62 as the largest number in the set: 

0.62, 0.236, 0.4. 

The relationships of Piagetian stages of cogniti\'e development 
to van Hiele levels of geometric thought were investigated. Perhaps, 
not surprisingly, the relationships between the two were not stable 
in most students. Huber and Huber found that Austrian students 
were able to apply formal principles of probability, when confronte.i 
with problem situations. This finding may be counter to the current, 
popular contention that probability should be introduced from an 
exploratory data approach. It would seem that comparing the formal 
and exploratory data approaches to learning probability would be 
a fruitful area of future research. 

Textbooks play an important role in mathematics instruction; 
yet, Flanders found that only about 30 percent of the material in 
a typical eighth-grade textbook was new, whereas, 88 percent of 
the algebra text was new. This represe^'+s an abrupt change for 
students! Research by Han seemed to inaicate that delaying formal 
proofs in geometry textbooks detracts from students' abilities 
to actually do proofs. 

Computers were the subject of numerous investigations reported 
in 1987. Overall, experiences in computer programming or computer- 
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assisted instruct on did not significantly improve the achievements 
Of students. It is probably time for mathematics educators to 
simply accept computers as highly useful tools that can enhance 
mathematical Instruction rather than produce nebulous, hoped 
for by-products in students. 
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III. INDIVIDUAL DIFFERENCES. EVALUATION. AND LEARNING THEORY 



Individual differences, evaluation, and learning theory 
are broad areas of research interest. Each is important to the 
total success of the teaching enterprise in mathematics. We must 
focus our teaching efforts upon individuals, we must evaluate the 
effectiveness of instruction and the progress of pupils, and we 
must have a theory of learning to guide our instructional activities 
Analyzing student errors in computation is still important in 
mathematics instruction in spite of the availability of hand-held 
calculators. It is not the error, per se, that is important but 
rather the conceptual misunderstanding of the child that that error 
represents. 

Mathematical anxiety continued to be of considerable research 
interest in 1987, and the popular question of searching for differ- 
ences between sexes flourished. Researchers continued to find 
that mathematical anxiety is a multifaceted problem; consequently, 
the treatment of this problem must be complex. Research continued 
to support the contention that there are differences between boys 
and girls in learning mathematics, but the fundamental reasons 
remain elusive. 

Evaluation is a many sided problem. It includes evaluation of 
students progress, identification of gifted and less able students, 
evaluation of the instructional activities of teachers in the class- 
rooms, and the complex problems of international comparisons. The 
United States appears to be losing the international race in mathe- 
matics instruction. We should be deeply concerned, but should we 
be alarmed? 

Studies in learning theory appeared to emphasize the brain- 
computer analogy. The use of words such as cjding, retrieving, 
long-term memory, metacomponential processing, schema acquisition, 
and rule automation is popular in this research area. 

Individual Differences 

In this section on individual differences, we shall review 
research related to analyses of errors made by elementary and more 
advanced students; research on low achievers and disabled students, 
and the ways in which small group instruction may be used in special 
circumstances; and finally research related to mathematical anxiety 
and sex differences in learning mathematics. 

aS^^^^^^ °^ Errors. McDonald, Beal, and Ayers (Fall, 1987/Winte 
1987-88) studied the use of the computer to assist in the diagnosis 
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of addition computational skills in children; Taira (December, 1987) 
considered er.jr reduction strategies for whole number operations 
with fourth graders; Chang (February, 1987) investigated the use 
of standardized test data for modifications of instruction; and 
Movshovitz-Hadar, Zaslavsky, and Inbar (January. 1987) and Hart 
(March, 1987) concentrated upon error analyses of the work of hiah 
school students. 

— ^^^^^ analyzed possible computational 
errors of elementary school children by ten levels of problem 

Jnw*"!! ^^^^^ ^7-^ ^'^S^* * 2 digit with no renaming) 

and five major categories (e.g., basic fact errors). Using the 
ten levels of problem description and five categories, they 
constructed a 50-cell matrix. They also developed a 50-item 
addition test which was administered to 51 elementary students 
Who took the test using microcomputers. The students used pencil 
and paper to.work the problems and then entered the answers on 
the microcomputer As a result, a bank of 2,550 problems was 
made available which contained 554 errors. 

The errors were classified into five categories: operational, 
inversion, algorithm, basic fact, and unidentified. The largest 

Si^SncLlUJ ^^*f™»" rf^ch constituted 44 percent of the errors. 
The researchers described "inversion" as an error category that was 
not previous y reported in the literature. Inversion Consisted of 
the student inverting the order of digits in the entire sum (e.g., 
for 571) inverting the units and tens digit (e.g., 517 

]^ »;esearchers concluded that the computer can be an effective 
tool in addition error analyses, but that the analyses were totally 
dependent upon the answers the students put into the computer 
They also noted that the computer analyses helped them discover 
that inversion was a "new" error pattern and, finally, that some 
errors were related specifically to the use of microcomputers (e.g., 

?IZ ®^ "auto-repeat" function, when 

a key 1s held down too long. 

^ Taira taught functional diagnosis, a diagnostic and corrective 
instructional approach, to selected fourth-grade students. She 
found that the students made fewer errors in addition, subtraction, 
and multiplication than students not taught this process. 

14**1^*?"*'^''*'^"*' frequently given to students, and 

little is done with the results. Chang analyzed standardized 
rill 2^ D seventh-grade students on the Comprehensive 

Test for Basic Skills. Diagnostic information was made available 
for specific classes. The information provided an analysis of 
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Specific class weaknesses and then r<»1ated these weaknesses to 
tho textbook. It was found that this analysis helped teachers 
reduce student problems on concepts and applications but not 
on computatlor. Pemaps, weaknesses In computation were too 
well established by the seventh grade to be remedied effectively 
In this way. 

Hart (March, 1987) descrlbeH the British re- .arch project. 
Strategies and Errors in Secondary Mathematics (SESM), which was 
an. outgrowth of an earlier project. Concepts in Secondary Mathe- 
matics and Science (CSMS>, completed in 1979. CJMS had formulated 
11 hierarchies of topics commonly taught in secondary schools. 
SESM focused upon the results that CSMS had investigated in algebra, 
fractions, and ratio and proportion. In particular, SESM selected 
from the "ISMS data the erroneous answers and errors in t'le thr<ie 
areas of algebra, fractions, and ratio and proportion. 

In algebra, SESM focused upon the meanings children gave letters 
In arithmetic; in fractions, it concentrated upon the interpretation 
of the division sign, the use of aquivalent fractions in addition, 
and the number of fractions between two given fractions; and in ratio 
'ind proportion, it icudicd students' uses of ratio and proportion in 
problem-solving situations. 

In algebra, it was found that students had d1ff1cult> ./1th 
letters to represent numbers. In fractions, it was found that 
children do not conceive of fractions as an extension of natural 
numbers, that the "part of the whole" diagram was not a helpful 
model for operations on fractions, and that the notion of equivalence 
needed greater stress. In ratio and proportion, it was found that 
children would frequently "odd" rather than "multiply" in applying 
proportional reasoning. SESMd^^1sed intervention strategies for 
each of these errors which were found effective in correcting them 
in children. 

Movshovitz-Hadar, Zaslavsky, and Inbar analyzid the errors 
committed on the high school gr«d;at1or> examinations given in 
Israeli high schools. The analysis yielded six error categories: 
(a) misused data (e.j., adding to the problem data that was 
extraneous or irrelevant); (b) misinterpreted language (e.g., 
incorrectly translating natural language into mathematical language); 
(c) logically invalid Inference (e.g., concluding from a conditional 
statement its converse); (d) distorted theorem or d'finition (e.g., 
applying the distributive property to a nondisirlbutive function, 
sin (a + b) = sin a + sin b); (e) unverified solution (e.g., steps 
were correct but the final resulc was in error,; and (f) technical 
errors (e.g., 7x8 = 54). The researchers noted thit distorted 
theorem or definition was the largest category of error, but that 
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one should not conclude that students made this error most often 
for Jms [yJe'Jf'JJrJ"'' ^"""^'^^^ greatest opportunity 

. ^ Loy Achievers, Disabled S tudents, and Small Rm .m instruction 
i®** 'c^i^evers in mathematics we re studied by the followino res^^rrh orc 

?9l-' nf;?fl7aJ'?^\' 19871 slo'sni'Sr^ Aul r 

19B^. and Williams (July. 1987). Greene sought to find exolanations 

for poor multiplication and division fact mem5ry in low-achfeJiSa 
tourth-grade students. He compared three treatments for inst^uJtina 
students about 15 multiplication and 15 divisioHacts wh ?h [heJ ^ 
J-J^JrcI f']^'^- treatments were! (a) verSa? ^ 

uf55!i"V''^^"* ^""9®''^ mnemonics instruction; (b) visual imaaerv/ 
verbal rehearsal mnemonics instruction; and (c convention o? 
linl?.] "^truction. Greene fouid that ineS?!l!s JSJJuction 

of':iu ;7 a't SS'Jn'S'dfJ^fJ'^n'T'*^ groups' performance in I^a 11 
FurthlrmSil 1! i ^f*'*^ " compared to the control group. 

rpJlISr?? ' r^""** ^^^"^^ ^™9ery was superior to verbal 

rehearsal mnemonics instruction in recalling »nultiplication facts 

. — I"^*®*'' °^ mnemonic instruction. Mika tried a mastery 'earmna 

fl7r"^lL^?Z''" SE'''^'?? ^'^'^ students^n gr^de^tSJee^ 

four, fnd five. She collected achievement data at two-hour intervals 
for ten hours and compared the three grades at each time iJteJvfl 
She found differences between the high- and low^chievTSg .JSJeJl; 
within grades four and five at each time in^ . 1 in achievc!»St 

?S e"l' '!!sin"n between the two gu.ps we?e''f5 ^^^^"Jrade 

vhree. Using a trend analysis for learning rates, she found no 

rr' i'STr^'?" 9^°^^^ ^^^^^ liw achleSers" at 
rnLllT^'. JJe concluded tr.at the experiment did not support the 
contention that mastery lea.ning would close the achievement aao 
between low and nigh achievers. She offered a possible wSlanJtion 
.nasteJJ'lea?S?n1!" ' ''^'^ exampfe of ° 

w^fh "^Jl^ams/o'JPd'^ed the effects of " jtoring" and "counc-Mna 
with tutoring" of remedial mathr^tics -cudents in the teSth" ^ 
grade, ohe pre- and posttested the stuaents of experimental 
a?;uL^''!??/°r.''^^'^'"^"'' self-esteem. motivStlT and 

Jnh co!-'e?inrHi:?5/"r?' *"*°^^"9 combined 

111. 5"""^? '^"9 significantly improved the achievement of students 

aJrJ?J?nH:^?;^^\ ^"^P^-^^^^g^y. self-esteem. motfvatior 
^'^^^ significantly between the experimental 

and control groups. Williams felt that tutoring with cSTiSq 
did have positive effects on the achievements of the rSia ^ 
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Tutoring and counseling of remedial tenth- 
grade students l^iroved their achievements 
over a three-year jierlod, when compared with 
students who were only tutored. 



Strosnider studied 270 handicapped nintK-grade students who 
had failed the Maryland Functional Mathematics Test in the fall 
of 1985 and were retested in the spring of 1986. She partitioned 
the retested students into two groups: (a) those who had passed 
and (b) those who had failed the retest. Data were collected 
concerni'"! the students general ai.nitias, mathematical abilities, 
races, sexes, ages, attendance records, handicapped conditions, 
levels of special education services received, mathematics grades, 
and types of assistance received. It was found that general 
abilities, handicapped condition:, sexes, mathematics abilities, 
mathematics grades, and races of students in conjunction with 
each other explained success on the retesting of the Maryland 
Test. 

Disabled students were studied by Dowell (February, 1987) 
and Fremder (May, 1987). Dowell po.ited out that research had 
shown that children suffering common Jisabilities often exhibit 
common arithmetic error patterns. He classified 57 children 
of 8-16 years of age with a history of a learning disabled (LD) 
or cranial radiation therapy (CRT) into four categories: (a) 
arithmetic impaired (ALD), (b) reading and arithmetic .mpaired 
(RALD), (c) arithmetic impaired (ACRT), and (d) not subtype 
A (NCRT). After an analysis of arithmetic error patterns, he 
found no significant group profile differences in the four groups. 

Rather than oialyze error patterns, Fremder attempted to 
determine whether training visual dot pattern strategies in learning 
disabled students would transfer to other visual pattern tasks 
as well as to arithmetic sequencing. She included 42 learning 
disabled students in her study. These students were Classified 
as neurologically or perceptually impaired in accordance with 
New Jersey standards. The 42 children were placed into three 
cla!!ses: (a) standard training; (b) standard training plus 
linguistic programming; and (c) a control group. The treatments 
consisted of three 20-minute sessions every second week for «,ix 
weeks. The results cf the study revealed significant transfer 
effects for the two treetment groups, but no differences oetween 
the two grojps. 

2. "uping students, usually by means of measures of ability 
and/or mathematical achievement, has often been used to Improve 



71 

61 



the work of students, particularly less capable children. GrouDina 
was the focus of attention in a study by Gerleman (September, 1987) 
On the other hand, Anderson (November, 1987) developed a model of 
mathematics education based upon "living systems" which involved 
grouping of students, too. 

Gerlrtman observed 11 fourth-grade teachers who were chosen 
for study because they had indicated in an earlier survey that 
they usee grouping methods for teaching the entire mathematics 

i!J!S?ie 1% ''"I! ^''-^ ' Gerleman focused upon 

behaviors of teachers ana students as they interacted in small 
groups. Sue also noted the teaching that took place, the tasks 
and assignments required of the students, interactions among 
student and teacher, how time was used, and how groups werl 
c,5?ni2ed and utilized. The 48 observations were made over an 
11-week period during the second semester of the school year. 
The teachers were also interviewed to determine their i.,otivations 
for using certain grouping procedures. 

Gerlemdn provided detailed descriptions of her observations, 
which revealed the following: (a) students were usually divided 
Is JJT?*?^ i^?^ ^r°"5^' °" basis of achievement 

rf ?«JI!?^JII ""^^ on achievement, (b) the pace and content 

of instruction were usually different for each group, (c) the 

T/Vt!^* 'li^S**?** *° mathematics was 46.4 min-jtes, with a range 
of 34.6 to 70.3 minutes, (d) in general, teachers worked with 
sach gro-p in turn, while the remaining groups did seat work, (e) 
there wss no clear pattern for the amount of time that teachers 
opent with each group, with some teachers spending the greatest 
time with the high groups and others with the low groups, (f) 
teachGr-group interaction usually consisted of checking homework, 
discuss ng errors, presenting a short lesson on new material, 
and review fo lowed by controlled practice, (g) little time was 
spent on development of concepcs and most time was devoted to 
review and practice, and (h) most teachers were quite adept 
at getting groups on task quickly, including the groups that 
they nad planned to meet first. 

,1. *^r^!II"!!! ^'^^^^ °^ teacher presentations low because 
rS5hI! Jh^J'J^.*"*^^®^^ emphasized memorizing steps in algorithms 
rather than the reasons why algorithms work. Teachers often 
presented materials as review when the development of concepts 
should have been emphasized. Presentations usually consisted of 
one or two examples worked by the teacher or a student followed 
by practice. The instruction was usually teacl.er-directed. 
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Observations of eleaentary classroons revealed 
that teachers eaphaslzed the nenorlzatlon of 
steps of alyorlthns rather than explanations 
as to Mhy the algorithm Morked. 



In interviews with teachers, Gerleman learned that they 
usually used grouping approaches because the range of abilities 
was too great to teach the class as a whole. Few teachers had 
had any previous instruction in the use of grouping for teaching 
mathematics, although some had nad instruction in grouping for 
teaching reading. Some teachers had used grouping procedures 
from the very first year of their teaching careers, while others 
had adopted this technique at later times. 

Andersen developed a "living systems" metaphor embedded in 
the context of a small enrichment group in fourth-grade mathematics. 
During a two and one-half months period, the researcher observed 
the regular classroom and developed the "living systems" method in 
a small subgroup of six children. Video tapes and Journal rp'-oids 
were maintained during the enti-e period. From these findln< it 
was concluded that : ,e "living systems" metaphor was actua.izeu. 
Specific findings related to "bounJcHes", "hete:oq«neitv," and 
other characteristics of living organisms were mad^. . ralf, 
it was concluded that the "living systems" metapLc.^ was : v^.ble 
framework for the development of an alternative matht-ma^i j curriculum 
in grade four. 

Mathemat i cal Anxiety and & ; er Differences . Mathematical anxiety 
and differences between sexes in Tearn<-.n mathematics have often been 
linked together in research studies. We :hall review research on 
mathematics anxiety completed by Cemen (September, 1987) and Gliner 
(February, 1987). 

Cemen provided a comprehensive description of the nature of 
mathematics anxiety by sythesizing general and test anxiety liter- 
ature applied to mathematics, the mathematics anxiety literature, 
and interviews with studei.ts. Cemen developed a model of anxiety 
which Includes environmental, dispositional, and situational 
antecedents. She claimed that anxiety reactions are a result 
of interactions of these antecedents. Students make decisions 
about dealing with anxiety. If self-esteem is strong and there 
is task-related confidence, the student may be able to channel 
the anxiety into the task, and the anxiety might help performance 
ho*.yever, if the person cannot control anxiety, it will hinder 
performance. Students may also cope with anxiety by d'Oiding 
mathematics or convincing t.iemselves that it is not useful. 
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Gliner tested 95 students, 50 boys and 45 girls, in grades 
nine through 12 at an urban high school in Denver, Colorado. The 
Mathematics Anxiety Rating Scale-A (MARS-A) was administered to 
all the students. The students were enrolled in courses ranging 
from general mathematics through analytical geometry. In addition 
to the MARS-A data, a number of other variables were considered 
including sex, grade, age, course, number of mathematics courses, 
grade point average, spelling, language, and various mathematics 
test measures. Correlation coefficients were determined and a 
stap-wise regression analysis was performed. 

The correlational analysis revealed that all variables except 
sex, grade, and mathematics correlated negatively with the MARS-A 
?S°^S!dc ?® co»''"elation coefficient of greatest magnitude with 
the MARS-A scores was grade point average (r = -.26). 

The step-wise regression analysis showed that grade point 

J«!r*?K'*'^*^®'^*I".^°"'"^®' spelH"9. and language expression 
contributed most to the varij»;ice in MARS-A scores. Furthermore, 
It was found that veibal skills were good predictors of overall 
mathematics achievement. This study confirmed the fact that 
mathematics anxiety is a multi-faceted phenomenon which is extremely 
difficult to define very precisely. 

differences in mathematics have been examined in two ways. 
The most prevalent of these is to analyze test results for females 
and males and then make comparisons of the two sets. The second way 
participation of males, and females in mathematical 
?:u lu ®? compare their rates of participation. We shall begin 
/ , "fJS^*®'' approach by examining two studies, one by McLain 
(June, 1987) and another by Marshall and Smith (December, 1987). 

McLain surveyed 72 western Michigan school districts to 
ascertain tne effects that graduation requirements in mathematics 
had upon enrollments of males and females in mathematics courses. 
In particular, comparisons were made between school districts 
requiring one year and those requiring two years of mathematics 
for graduation. 

McLain found that schools that required two years of mathe- 
matics had a higher proportion of eleventh- and twelfth-grade 
females enrolled in mathematics courses than schools that only 
required one year of mathematics for graduation. Furthermore, 
the survey also demonstrated that schools requiring two years 
of mathematics had significantly higher ratios .f female- to-male 
students enrolled in advanced elective coi-rses in mathematics 
than schools requiring only one year of maihematics. During 
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interviews with 316 algebra students in nine schools, McLain 
discovered that female algebra students in the ninth grade had 
significantly higher levels of anxiety than similar students 
attending schools requiring only one year of mathematics. 



A survey of 72 Mestern Michigan school districts 
found that a higher proportion of eleventh- and 
twelfth-grade feaalos Mere enrolled In mthenttlcs 
courses In schools n*qu1r1ng two years of mathe- 
natlcs for graduation than schools requiring only 
one year of aatheaatlcs. 



Marshall arix: Smith conducted a longitudinal study of errors 
made by children at the third- and sixth-grF '<> levels. A major 
finding of the study was that girls in the t rd grade performed 
better than boys in the same grade, but that this advantage seemed 
to disappear by the sixth grade. An explanation that they offered 
for the difference was that girls, because of biological or social/ 
cultural conditions, appeared to have a greater capacity for sitting 
still and for performing tasks requiring small muscle coordination 
than boys of the third grade. Perhaps, these differences disappearei 
by the sixth year. 

In addition, Marshall and Smith found significant sex differ- 
ences in three categories: spatial understanding, associations, and 
erroneous rules. They advised approaching the spatial understanaing 
advantage for boys with caution because of the limited number of 
observations. Observed differences on errors of association and 
erroneous rules were more stable. It was found that gir.s were 
more likely to make these errors at both the third- and sixth-grade 
levels than boys. The researchers strongly recommended that more 
research focus upon determining error differences between males and 
females on specific mathematical tasks rather than upon comparing 
overall test scores for the two sexes. 

Numerous investigations on gender differences revealed by 
testing were reported in 1987. These studies included: McConeghy 
(April, 1987), Brandon, Newton, and Hammond (Fall, 1987), Moore 
and Smith (January, 1987), Dorans and Livingston (Spring, 1987), 
Feliciano (May, 1987), and Doolittle and Cleary (Summer, 1987). 

McConeghy concentrated upon examining attitudes toward mathe- 
matics and achievement in mathematics as measured by the 1977-78 
and the 1981-82 mathematical assessments conducted by the National 
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Assessment of Educational Program (NAEP). in these assessments, 
attitudes toward mathematics were measured by 14 statements which 
were used to construct tl.ree ;"titude scales and an overall attitude 
index. Analyses by McConeghy revealed that gender differences had 
I^LLVJ 1"^^"!"" "PO" attitudes and achievement. Not surprisingly, 
parents' education and the race of the student had the strongest 
inriuences. ' 

Brandon, Newton, Hammond concentrated upon gender differences 

Jr^t Jn''"^;"'f °^ ^'"V^' "^^'-^^ State Department 0? 
Education conducts annual statewide testings using the Stanford 

S.'iiSn;"!rH^'r\5*'^"-, ^" P^^ticular BrJndon, Newton, and 
Hammond studied the results of the 1982-83 and 1983-84 testings 
for grades four, six, eight, and ten. Only data on four m]or 
SeJS exffl.^ Filipinos. Hawaiians. and Japanese) 

in uJy^/Vi^l^. f tf'at the public school girls 

The girls achieved their highest scores in computation, whereas, the 

JeSauf oJtTr?ol^'lJ The high'JcMe ?nq 

mJ?Jl^-?^!l the high achieving males. Sex differences in 

girls among Caucasian students were less than 
L2a?irS ?r 32n? Japanese-Ameiican. Filipino-American, and 

Hawaiian students. The researchers concluded that if these differences 
continued into adulthood, then 57 percent of the females would pasl 
ilu J nfrr" 9ivan in Hawaii but only 43 percent of the boys 

WUUIQ poSS* 

Moore and Smith studied mathematics achievement data of 

2!°^^^/!®^ *° ^^^^ "^""bers of the National 

Longitudinal Study of Youth Labor Force Behavior conducted in 

in ?Qif'°"2J ^^"-^ I^? J"* °^ were obtained 

in 1981. Moore and Smith reported that general patterns showed 
: f^u""!?^ outperformed females in mathematical knowled md 
arithmetic reasoning. However, when performances of those who 
5n 5 examined, females outperformed males 

in mathematical knowledge. There were no differences between 
the sexes in arithmetical reasoning. Wh'^n data of those who 
completed Grades 9 to 11 were examined, sex differences in favor 
Of males appeared and increased with further education. 

M 5?''*"f/"?,''^)(^"9Ston noted that J. C. Stanley of the Study 
Of Mathematically Precocious Youth had observed that nearly all 
females who scored extremely high on the Scholastic Aptitude Test- 
Mathematical (SAT-M) did so because they were very strong verbally. 
Whereas, some males scored extremely high on this test in spite 
Of relatively low verbal skills. Dorans and Livingston decided 
to investigate further this observation. 
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They sampled students who had taken the SAT tests either in 
June, 1981 or In May, 1982, and Included only those students whose 
SAT-N scores were at least 600 and had Indicated that English 
was their best language. The June 1981 sample consisted of 13,761 
males and 7,001 females, and the Nay 1982 sample contained 11,573 
males and 6,819 females. The mean verbal scores of males tended 
to be lower than the mean verbal scores of females, when both 
groups had the same mathematical score. There wa*:- one possible 
exception to this finding for students »;ho had achieved perfect 
scores of 800 on the SAT-M. There were four females with perfect 
SAT-M scores and each had extremely high SAT-V scores; and th»-e 
were 95 males with perfect SAT-W scores whose verbal scores ranged 
from 420 to 780. The authors felt that their data partially 
supported the Stanley hypoth3s1s. 



It has been hypothesized that femles tdra 
score high on the SAT-N Test do so because 
they have very high verbal skills, Nhereas. 
sow nales score t<1gh on this test In spite 
of low verbal scores. A study by Dorans and 
Livingston provided limited support for this 
hypothesis. 



In a study similar to the one by Dorans and Livingston, 
Doolittle and Cleary sampled high school seniors who had taken 
the ACT Assessment Mathematics Usage Test (ACTM) In October, 1985. 
They found that males tended to perform better than females on 
geometric and mathematical reasoning items, whereas, females 
performed better than males on algorithmic, computation-oriented 
Items. They suggested that, perhaps, males have developed r^'atlvely 
stronger spatial and reasoning skills than females, and that females 
have developed stronger algorithmic or computational skills. The 
reasons for these differences probably Involved a wide range of 
cognitive and sociocultural factors, suggesting that extensive 
research on these factors Is needed. 

Felclano studied 1,000 randomly selected tests of sixth 
grade students from each of three administrations of the Puerto 
Rican Basic Ski lis Test In Mathemat1cs-6 . Felclano was Interested 
In comparing female-male performances In problem solving. It was 
found that females outperformed males In problem solving and In 
most of the computational -type tests. An analysis of covarlance 
was cu. .ducted to compare male and female problem-solving performance, 
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when computational skills were controlled. The results tended to 
support the finding that sex-rated differences did not exist for 
students of similar computational skill levels. 

Evaluation 

Research on evaluation reported in 1987 can be partitioned into 
four groups: (a) evaluation of instruction, (b) identification 
and prediction, (c) studies of instruments of evaluation, and (d) 
international comparisons. We shall begin with a review of research 
on evaluation of instruction. 

rnnHJ?nIe'^^^V^^?^^^"^^^°"; 5*"^^" upon evaluation 

conditions and techniques vital to classroom instruction: Restaino 

BrorrSSJe, 1987). ""'^'^'^ '"^ "^"""^^ 

Restaino investigated the effects of student participation 
in Chapter I programs during 1982-86. Standardized achievement 
measures in mathematics were given to one-yerr participants 
two-year participants, and a control group. R^'Staino found that 
the data revealed the effects were positive, more so for two-year 
ti, ^ for one-year participants. 

McDermott-Krieg tested two groups of third-grade students 
using a second-grade mathematics test. One c^oup took the test 
in a t.-aditlonal paper-and-pencil mov», whereas, the second grouo 
was read all test information and directions via a paced tape 
recorder. She found no significant differences between the two 
modes of testing after studying the scores of the two qrouos 
on the second-grade mathematics test. 

Denvir and Brown compared a classroom test assessment of 14 
number skills with an interview assessment of the same skills. The 
^.hJIfJJf estimation, counting, and place value; addition and 
subtraction operations; and multiplication and division operation. 
The classroom test was given to 249 students, ranging in ages from 
nearly eight to nearly 12 years. A subsample of 32 children of 
the same ages were interviewed for their knowledge of the same 
skills as the classroom test. 

The results of the comparison revealed that: (a) it was 
not possible to design test items for all the skills that were 
felt to be crucial in the understanding of number; (b) there 
were differences between students' performances on the same skill 
*u *«5t and interview results were compared; (c) of 

the 32 students interviewed, six would have been significantly 
misdiagnosed as they would have been incorrectly assessed on 
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at least 25 percent of the 14 skills by test results alone; and 
(d) the class assessment test did provide a valuable Initial 
assessment as It was usually true that students who were successful 
on Items of the dare assessment were also successful on those 
same Items during the Interview assessment. 

When comparing the two methods of assessment, It was found 
that the probing of students' understandings made possible by 
Interviewing was crucial to a proper assessment of some skills. 
For example, In a question on calculator usage on the classroom 
test, a picture of the keys were presented to students, and they 
Indicated which keys to press; whereas. In the Interview, the 
actual calculator was made available to the child. This quite 
naturally produced differences In results. 



Mhen conparing a classrooa assessnent of 
nuriwr skills Mith an Interview assessment 
of the sa«e skills. It was found that the 
probing nde possible through Interviewing 
resulted In a superior understanding of 
students' nvaber dIfffcuUles. 



Five studies concentrated upon the evaluation of the teacher. 
These studies were done by Tredwell (February, 1987), Grace (May, 
1987), Smith (September, 1987), Andrade (April, 1987), and Krampen 
(June, 1987). 

Tredwell developed and tested a technique for observations 
of elementary mathematics Instruction. She concentrated upon 
Identifying, timing, and describing the manner in which teachers 
and students used time during mathematics Instruction,, The teacher 
behaviors Included Instruction, assessment, and administration. 
The student behaviors focused upon engaged and unengaged behaviors. 
The observational technique was field-tested In 50 elementary 
classrooms. 

The results of the field testing Indicated the method was 
feasible and reliable. In particular. It showed that the technique 
provided a reliable record of how f^achers used class time, provided 
a description of teacher behaviors during mathematics instruction, 
and provided an accurate assesrment of students' engaged behavior 
during instruction. 

Grace concentrated upon Identifying effective teacher behaviors 
for working with low-achieving students in beginning algebra classes. 
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J?;;-; r«It'J%'-°^ ow-achieving algebra students were each observed 
Irlilt^ consecutive lessons. The growth of the students in algebra 
"Slbra^Sst ''^^^ cooperative MaJil^tJcs 

correlated teacher behaviors with achievement growth of 
students and concluded that effective teachers presented Steria?s 
S Sces?ou^s?fS demonstrating. asked'Sny predict a d 

SIS quest ons. and provided all students many opportunities to 
respond. During seatwork. effective teachers circulated and «JJfoH 

h^Tfe"ie%^?fJdrand^':?rr'^%^^^^^«^^- Ef^eclwe^telc'hJ? s?'^' 
naa rewer tardy and off-task students in their classes Uith uori/ 

low-achieving students, it was found that circulatinfand assictJ^a 
them was needed for effective growth. *=^^cuiating and assisting 



Teachers effective with low-achieving algebra 
students explained and deaonstrated oaterlals 
directly, asked mny product and process 
questions, and provided all students mny 
opportunities to respond to questions. 



recen?°Jpir.°^ ^I;5h'°°"'i**'!'|]''"9 ?ave become populer during 
recent years. Smith evaluated anticipating set. objective and 

IrTtit: ^"''h'; Checking fo? and?rs?and?ng! g IdeS 

practice: and independent practice for effectiveness with 34 

iere calc;fa?:3'bft°"' ''.l''^' ''i' Correlation coef?icienJs 
Tn?^fullnlJ ''«**'een the use of each element of the model 
and students' mastery of mathematics, extent of teacher inservic* 
TlT^T' ^'^PJ^i^""- Negative correlation coe??5cienU we7l * 
found between student mastery of mathematics and both input and 
elnp"?;.n?'^''i'^ relationships were also found between yea?s 
of experience and mastery of mathematics. Positive reTationshios 
were found between independent practice and mastery. oJerS?! 
it was concluded that the model, for the most part! was eSecJive 

Of 5nst'?Saton '° '''''' spon?ane?t7 

th« J^ftH^"^^ compared two groups of students in second through 

?^e;^^f?fr completed an essential elements of 

who haS Jst'b'.i:r;h'"? ^« '''''''''' by ?eachers 

we?e 5ew^cJL???^^nJ'';-JlJ''"^"9 program. Not surprisingly, there 
were .ew significant differences noted in the two groups of students. 
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The effectiveness of writing comments on students' papers 
had been studied In the past, and the results were somewhat mixed. 
Kvampen looked Into this practice with teachers of Trier, Federal 
Republic of Germany. Krampen selected 13 teachers and 385 students 
of grades six through ten for the study. The teachers and students 
were randomly assigned to four groups, whose teachers made: 
(a) socially oriented comments on all mathematics examinations 
during the first semester of the school year; (b) subject matter 
comments during the same time period; (c) individually oriented 
comments during the semester; and (d) no written comments (the 
control group). 

Following an extensive statistical analysis of attitude and 
coanltlve variables involving Interactions, Krampen concluded that: 
(a) socially oriented coimients affected low- performing students 
negatively and high-performing students somewhat positively or 
not at all; (b) subject matter oriented comments affected all 
students with small positive gains; and (c) individually oriented 
comments showed low positive effects, with the low-performing 
students affected most. When comments were no longer made, th« 
small positive effects disappeared. 



Written coments nde on exanl nation papers 
concerning the subject natter of the exan- 
Inatlon had snail, but positive, effects on 
most students. 



Identification and Prediction . Research has dealt with 
factors for selecting gifted students, a comparison of prediction 
using tests or teacher recommendations, a measure of prediction 
for dyscalculia, prediction of students' success in Algebra I, 
and the effects of prior mathematical experiences on mathematics 
test scores. 

OeRidder (May, 1987) partitioned 87 sixth-grade students 
Into six groups using IQ scores and mathematics achievement. 
Based upon the Renzulli model for giftedness, the study assessed 
problem-solving abilities, creative mathematics abilities, and 
task commitment of the students in the six groups. DeRidder 
found that (a) a particular IQ range is inadequate for selecting 
gifted students; (b) a range of mathematics achievement could 
serve in the identification of gifted students; (c) students 
gifted in other subjects are not necessarily gifted in mathematics; 
and (d) giftedness is too complex to be measured by a single 
measure. 
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Research has shown that IQ scores alone are 
Inadequate as a mans of Identifying gifted 
nathenatlcs students In the sixth grade. 



The selection of gifted sixth-grade students was also the 
mtZl Of l\l'X'' '?°^; ^JP^^'' 1987)"''Soodl' colllel two 
A? J?e cSnclSl?on o! thi'i^vJh'* '5°'"' '"^ teacher observations, 
with f JpJJhnr SlfL ^5 sixth-grade year. Goodman tested the students 
with a teacher-developed test of computation, geometry, and metrir 

JSe'sulJ^Ss'^if Xt'rJn"°"^ a Jobserva^Sner^cS: a^J^S'i th 
rne success of students in an accelerated seventh-arade mathematirc 

±3? ; year later. Goodman found that the test s?J?eI ISre S^u" 
SblerJa^Ionr accelerated class tL teacher 



studen11^?th^^;.. u?J °^ «^«^«9e seventh-grade 

Whether o^ ^^t^^n ^I''^"*?''°"^^.'™*^*"«*^" determine 
?5^J?«L r*?°J..*J^^*"^®"*^ ""^^ P«^^0"n test items without 
S 2!J attributed to dyscalculia. Twenty-two subtests of the 
1e tr!J'i;'E« «r evaluations of dyscalculia currently used 
..le test m^y be of some use in predictions of dyscalculia. but 
the researcher advised Cdution in its use. 



for A?J«hJ?*rj^ (October. 1987) had noted, the selection of students 
for Alpebra I has been a dilenna for mathematics educators for many 

data on I?n'e Ja'r iblfJ"''3'; I" ''.''V'^ ""''''^'^^ E 1 gamma 1 col Sed 
w« fSnnH determined correlations among them. It 

w« JJe -nathematical knowledge as measured by a test 

was the best single predictor of success in Algebra I This 
predictor was followed in predictive effectiveness by an attitude 

iQQH ^f^y* 1987) analyzed data from 7.500 members of the 

ioSSH^JE^?""""-'^'" °^ "^9^ School and Beyond Project. He 
found that senior-year mathematics scores were highly dependent 
rJhJif f "«t>^ematics courses studied, including AlSebrfl 
sLJ^r ^nJJ^j;*''* reasonably well predicted from so?ioe?onomic 
?«J";nJnS^°'^''^ l^^'^i^ sophomore mathematics 

? students were black or 

wnite. female or male, sophomores with similar achievement levels 
^i^fVT'*!^ *° experience similar improvements by SyinJ 
nrnlllJltl f *^«?«tics courses. The improvement was especially 
pronounced for those students with four or more years of matheSIatics 
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or with three years that included calculus. Jones encouraged 
greater enrollinent of black and female students i.i advanced high 
school mathematics courses. 

Studies of Evaluation Instruments . Secolsky (March/April, 
1987) studied mininum competency tests, Solomon (April, 1987) 
compared secondary school standardized mathematics - hievement 
test questions with objectives of the Netional Assessment of 
Educational Progress (NAJP), and Granny (October, ISVa) focused 
upon ten years of Scholastic Aptitu*:, Test (SAT) scores and student 
plans for mathematical study 

Minimum competency tests have become popular nationwide. Tht.e 
to'ts; generally dwel. upon computation, simple geometry, and simple 
algebra. Secolsky had 99 high school mathematics teachers from eight 
Uyt York City public high schools rate the difficulties of eight items 
from the New York State minimum competency test in mathematic Four 
of the items were computational exercises and four werr word problems. 
The teachers came from schools which had large numbers of lower ability 
students. 



Tho teachers rated each item as: (1) too easy, (2) easy, 
(3) medium, (4) difficult, or (5) too difficult. Some examples 
of the ratinjjs were: (a) "Subtract 974 from 4,009" was given a 
mean rating of 2.14; (b) "Solve for X: 7X - 4 = 24" W8S given 
a mean rating of 3.01; and (c) "Divide 14.71 by J.8. Round off 
your answer to the nearest hundredth" wus mean-rated at i.5i. 

^ A study of those teachers who rated competency test items 
as easy" tended to: (a) favor tougher standards in mathematics; 
(b) graded students relative to other students; and (c) interpreted 
each .tern in terms of more general skills. Selecting judges to 
rate items involves considerations of attitudes and motivations 
of judges. 

Solomon looked into the relationships between standardized 
test items and NAEP objectives and subobjectives. He had a panel 
of experts frm the Philad?lphia school district, classify items 
from standardizec mathematics tesls according to NAEP objectives 
and subobjectives. The tests studied by the Philadelphia experts 
included: (a) California Achievement Tests, Levis 19 and 20; 
(b; Comprehensive Test of Basic Skills, Lev?'' J and K; (c) 
?<etropolitan Achievement Tests, Advanced 1 a. ^, (d) SRA Su. vey 
of Ba-,> Skills, Levels 3e and 37; and (e) Stanford Achievement 
T idvanced, TasK 1, end Task 2. 

bolomon found that these tandardized tests did not differ 
significantly from the NAEP objectives and subobjectives. All 
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tests addressed 82 percent of tha objectives and 48 percent of 
*i®„!r5°''^!*^*^^®^- '"idividudl test co/ered more than 65 percent 
Of NAEP objectives or 20 percent of subobjectives 



Of 11 populcr, standardized PBthemtlcs t»»$ts 
at the secondary school level studied by a 
panel of experts, not one :overed nore than 
65 percent of NAEP objectives or 20 percent 
of NAEP subobjectives. 



* Gi^andy analyzed results of the SAT taken by high schoo: s-,iiors 

to ™1«r^?nL%"J exLnees pllnnJSr 

to major in mathematics, science, ano engineering in 1986 obtained 

I^riJL'f ®! P°^"*^ f'^9her than the mean of 

an examinees and had SAT mathematics scores that averaged 38 points 

IJ!J^Ll?nc t^"^ all examinees; (b) there were more males 

f^l ^" mathematics, science, and engineering; 

(cj women planning to major in electrical, mechanical, and civil 
Jo'lJ^or !^ ^^9her SAT mathematics scores than men intending 
1*^°!® areas; and (d) the mean SAT mcithematics scores 

hL liT. ?Ifc-l"^ J? "^^^^ in mathematics, science, and engineering 
had rist.i considerably from 19/ to 1986. 



In studying SAT nathematlcs scores of tests 
administered durl'^n 1975 to 1986, Grandy 
found that women i.. tending to major fn 
electrical, mechanical, or civil engineering 
scored higher than oen Intending to major 
in those fields. 



Internationa, comparisons. As the world shrinks, comparisons 
among nations are inevitable. While we should strive to learn 
as much as we can by studying other countries, we should be careful 
fJJh °^ international competitiveness, 

Each nation has its peculiarities and cultural characteristics 
that make t unique, and effective educational practices ^n one 
nation may .lot at all be effective ^n another. 

International comparative testing was reported in 1987 by 
Horvath (May, 1S87). Al-Mahmoud (May. 1987). Sano (April. 1987), 
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and Stevenson (Summer, 1987). Observations of classrooms in 
Japan, Taiwan, and the United States were provided by Stigler, 
L'^«», and Stevenson (October, 1987), and cultural beliefs about 
Cni.Jrpn's mathematical performances in China, Chinese-American, 
and Caucasian-American families were reported Ky Hess, Chih-Mei, 
and McDevitt (June, 1987). Finally, Song and Ginsburg (October, 
1987) studied the development of formal and informa! thinking 
in Korean cd American children. 

Horvath discussed the results of the Second Internatirnal 
Mathematics Study (SIMS) conducted in 1981-1982 (1980-1981 in 
Japan) by the International Association for the Evaluation of 
Educational Achievement (lEA). SIMS studied two populations: 
(a) students who were between 13 years and 13 years, 11 months 
ard (b) students who were in the normally accepted terminal 
grade of secondary school. The populations were designated "A" 
and "B," respectively. There were a number of anchor items that 
were used *n the First International Mathematics Study (FIMS) 
as well as SIMS. These jnchor items were the primary focus of 
Horvath 's study. Anchor items covered computation, comprehension, 
and applications. 

Horvath found that students of the United States at the eighth- 
g-ade level (population A) were closer to their Japanese counterparts 
'■n anchor items than students of the two nations at the twelfth- 
grade level (population B), where the Japanese significantly 
outdistanced the Airjrican students. Furthermore, it appeared 
th?,t the United States had improved in the teaching id learning 
of lower-order skills, but not much progress had been made with 
higher-order skills. 

Horvath, who had studied the FIMS and SIMS results and had 
also researched Jap .Tese high schools which included extensive 
obs3rvations in Japanese classrooms as well as interviews with 
Japanese students, teachers, and counselors, offered the following 
alarming conclusion: 



"...I have t-acome convinced that iior«i than 
minor adjusiaents are needed If the level 
of American junior and senior high school 
matheMtlcs achievement Is to - iprove." 

Horvath, Nay, 1987, p. 367. 



Another comparison of twelt*h-grade students in mathematics 
was reported by A. - 'ihmoud. Al-Mahmoud found thet twelf*' -grade 



75 



5f rl "S"®^ ^^9''®'' their Jordanian counterparts 

^JnJJ® SAT-M test. On the other hand. Sano found that beginning 
Jll ^^r?**®.*^*"?""® students perforriied significantly higher than 
comparable American students on perceptual and reasoning tests 
American students scored higher than the Japanese on a verbal 
reasoning test. Stevenson commented upon \he relative slowness 
Sffh'^LfJ" children to acquire mathematical skills, when compared 
with children of Japan. Taiwan, and China. 

In a compfirative study of mathematics classrooms in Japan. 

ISleJIaHJn^^^n ^nll'^ l^'-^l' Stevenson conducted 

SfnnI.Ji ?J c f/^'-st-grade and 20 fifth-grade claso.ooms in 
??I : ^«^P«^' Taiwan. It was felt that 

T^^PT®"*®** comparable urban areas in th>^ir respective 
^f^Zl^l °^ classrooms used time-sampling 

I5J5?J?Je "^l""^ ^^l^ "^^^^ Ptesence or absence of predetermined 
Ttll T,^:. ^" 5*'*' ^Jlt hours of Observations ^ere made. 800 
at the first-grade and 800 at the fifth-grade levels. 

*^r?® cities, language arts and mathematics dominated 
the classroom time. !n Minneapolis, 62 percent of the class 
ii^a7!L'?S3%i" "^^^'^JS °^ mathematics, followed by 59 percent 
oVaI i ?J l^r^®"* ^" ^*P*"* American teachers of both 
Tl?i!n^«;!®l' ^" n^thematics than teachers in 

laiwan or Japan. Fifth-grade American teachers spent less than 
half as much time in mathematics ?.s in reading. The average 
number of hours per week spent in mathematics in American first 
hn^^M!*^ "^i^""^ compared with 3.9 hours in Taiwan and 6 
1? I ^^S"""" the fifth grades were 3.4. 

11.4. and 7.6 for the United States. Taiwan, and Japan, respectively. 

Children of all three cities spent time in the classroom on 

S^JtrflJ'Jn li^V'^K'"' '^^-^''^ behaviors. The SnfEed 

If ttl I? ^! category with 17 percent, followed by 10 percent 
of the time for both the Chinese and Japanese children. In JaSan 
an- Taiwan, teachers taught mathematics to the entire class fol- 
fLrlLl T"!^ the time, compared to 46 percent for American 

wm'?n'd^i!!^^rs;Cden?s'''' ''''''' ^^""'^ ''"^ ''''''' 

^tndJl^Vn/lltV^'^^''^ *° obse-vers that Japanese and Taiwanese 
students and teachers were more intently involved than American 

M J"^ students. Furthermore. Chinese a-d Japanese teachers 
appeared to be better prepared and conducted more live' - and 
varied classes than the Americans. 
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Aficr conparing first- and fifth-grade classrooms 
in the United States, Japan, and Taimn, Stigler, 
Lee, and Stevenson wrote: Me must conclude 

that American children fall to receive sufficient 
Instruction. They spend less time each year in 
school, less time each day in classes, less time 
In the school day In mathematics classes, and 
less time In each class rece'ying Instruction." 

Stigler, Lee, and Stevenson, Octo?^^r, 
1987, p. 1284. 



...,."®"] Chich-.lei, and MrOevitt interviewed mothers of sixth-grade 
children in the People's Republic of China (PRC) and Chinese-American 
and Caucasian-American groups in the United States. The mothers were 
first asked to rate their children according to their performances In 
sixth-grade mathematics on a six-point sea" ranging fr«.ii (1) not 
doing as well as most children to (6) doing the very best in class. 
If the child was rated as doing well, the interviewer placed five 
cards before the mother with one of th3 following on each card: 

(a) My child has natural ability for mcth. 

(b) My child tries hard in math. 

(c) My child has had good training at school in math. 

(d) My child has had good training at home in math. 

(e) My child has been lucky in math. 

The mother was then given ten plastic tokens to distribute 
over the cards according to the importance of that attribute. 
Oil the other hand, if the mother indicated the child had not 
done well, the negatives of the f;ve statements were given with 
similar instructions for placement of tokens. 

Lack of effort was the predominant cause for poo»* performance 
given by mot^iers of PRC, with little responsibility c i to other 
factors. The Chinese-Ame-^ican mothers held •.' lil? vifc.s but with 
less weig'it assigned to effort and more cO lack o. natural ability, 
poor school, and poor home training. The Caucasian-American 
mothers gave more v/eight to lack of effort than other factors, 
but distributed blame more evenly acrosf. all other factors than 
did the Chinese mothers. The Caucasian mothers assigned more 
..eight t« causes not under their control ve.g., child's abmty, 
luck) than did the Chinese mothers. 

Song and Ginsburg tested 315 Korean children and 538 American 
children in the four- to ftighc-year age levels with the Test of Early 




Mathematics Ability (TEMA). TEMA contains 50 items, 23 designed to 
measure informal mathematics (activities that do not involve writ' n 
symboHsm) anH ?7 designed to irsasara formal matlieiiwucs (activities 
Involving written, symbolic, school mathematics). The children were 
tested ind. .idually by trained intervie. ers. 

Song and Ginsburg found that the performance level of American 
Children in informal mathematics was higher than that of "orean 
children at the ages of four and five. By the age of eight, the 
Korean children outperformed the American, When formal mathematir- 
was considered, the American and Kc.-ean children did equally well" 
at ages four, five, and sixi but at the age of seven, the Korean 
children surpassed the Americans. The superiority of the Korean 
Children could be found in every subarea of formal mathematics by 
the age of eight. The American children were poor both in accuracy 
and procedures of calculation. 

Song and Ginsburg concluded that the superior performan-.e of 
the Korean children seemed to stem from an efficient educational 
system, knowledgeable teachers, involved parents, and a culture 
that is supportive of mathematical learning. 

Learning Theory 

We shall partition studies involving learning theory into 
two categories: (a) studies of cognitive factors th?t strongly 
influenced or drove teaching practices; and (b) pedagogical factors 
that influenced or changed cognition. Examples of the former are 
effort training to affect instruction, the interaction of affective 
and cognitive factors that change mathematical reasoning, and Piaget's 
concept of number related to third-grade arithmetic. Examples of 
the latter are varying reinforcement schedules to improve under- 
standing, mastery learning tr improve achievement, and sequencing 
examples and non-examples to achieve concept attainment. 

Cognitive F actors That Influence Teaching Pract ices. Geary 
(January, i^o/) studied the Internal and external validation of 
cognitive arithmetic component processes, McNabb (January, 1987) 
Investigated strategy and effort attribution training as it affects 
greater competence, Kaplan (May, 1987) studied mathematical thinking 
and instruction, Smieciuch (November, J987) considered Piaget's 
concept of number in relation to third-grade ;*Htnmetic, Clements and 
Nastasi (October, 1987) focused upon measurement cf metacomponential 
processing in young children. Cooper and Sveller (December, 1987) 
studied schema acquisition and rule automation on problem solving, 
0 Donnell and O'Donnel (October, 1987) looked at cognitive preferences 
and ethnicity, and Moore and Stanley (1987) investigated family 
backgrounds of Asian Americans who reasoned well mathematically. 
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Geary hypothesized that elementary component processes for 
cognitive arithmetic included encoding of integers, retrieving 
irsfcrmStiori froiii loriy-tcrm iTieiriOry, anJ Cariyiiig Lu Llie ntAt column. 
Metacognitive processes included monitoring of performance and 
choosing and executing the performance comfonent. One hundred 
s'ibjects were iiiven simple and complex addition and multiplication 
exercises followed by tests of number facility, perceptual speed, 
and spatial relations. A strong relationship was reported between 
speed of information retrieval, facility of execution, and traditional 
numerical facility. 

McNabb tested 111 fifth and sixth graders tc assess their per- 
ceived competencies in mathematics, their attributional tendencies, and 
their attitudes toward strategy and eff t. Following this testing, 
one-half of the students received trailing in effort attribution and 
the other half training in strategy attribution. The 111 students 
were then administered 13 difficult mathematical problems. McNabb 
found that when the effects of student's attitudes toward strategy 
and effort were controlled, strategy attribution was more effective 
than effort attribution, particularly for subjects with high perceived 
competence in mathematics. 

The development of mathematical thinking as a function of inter- 
actions between affective ana cognitive factors was investigated by 
Kaplan Kaplan videotaped teachers and children engaged in mathematical 
activities. The tapes suggested that different kinds of non-cognitive 
factors were associated with certain types of mathematical thinking. 
In particular, Kaplan was able to classify the ch<ldren as either 
pro-mathematical thinkers or anti -mathematical thinkers. 

The relationships of Piagetian t sks to perfornkince in arithmetic 
has interested researchers for years. Smieciuch afisessec* 36 third- 
grade children on 12 Piagetian tasks and seven kinds of .Mthmetic 
problems. He found that performance on the Piagetian tasks of 
classification and seriation accounted for the most variance in 
children's abilities to assign numerals to sets. Performance on 
transitivity tasks accounted for the most variance in performance 
on multiplication and multiplication-division problems. 

Clements and Nastasi tested a theory attributed to Sternberg 
concerning metacomponential processing. The following metacomponents 
were studied: (a) deciding on the nature of the problem, (b) 
selecting performance components relevant to the iolution of the 
problem, (c) selecting a strategy for combining components of 
performance, (d) selecting a mental representation, (e) allocating 
resources for solution of the problem, (f) monitoring solution 
pro(»sses, and (g) being sensitive to external feedback. Forty 
children were audiotaped while pairs of them solved a problem-solving 
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llti' ?! transcribed and individual statements were 

assigned to the seven metacomponents liutcd above. 

nr.nin5'^"*V"J ?f "^^^''^ sensitive to feedback" 

occurred in about 13 percent of the statements, and "selecting a 
mental representation" did not occur. The percentages of oc!24ences 
0 oS%'?r"%"'?,'S7'^' order listed above were 4 65 ?:7? S5 
?ha?'t2; riifU?;^^' r'^?5i;r^^- ^l*"*"*^ Nastasi Concluded 
InnLlrl ^^^'^^^^^^^ validity of the Sternberg observational 
approach were acceptable. »«.iuiiai 

Cooper and Sweller investigated schema acr sftion and rule 
automation on matsenatical problem solving. They defined schem! as 

sucS"?JaTeacJ'n^nEf"^'J^ ll'''''' '^'^'^ problemfin^o a' e^r Is 
such that each problem in the category requires a similar tvop 

so ution. They hypothesized that Ichema 2cqu"i?i5n preceded 

;o"ufd'?a?n? .°;/r; ^^at the use' Of wJJJeS !5aSp es 

would facilitate transfer and pe/formance on similar oroblens 

un?i/nr'o' 'J^' ''''''''' '''''''' would not occur 

until problem-solving operators had been automated. 

h„««*S°°'*®^ Sweller conducted four experiments to test the 
5^Sm thr^c.^T'^"*;* 24 eighth-grade 3t5den?s 

h^H lrLT^^^ mathematics class at a sjdney. Australia 

h_gh school. The second experiment involved 104 eighth-grade 

e^nerJiinJrL'J'/^'^ J" 5^^"^^ ^^^^ SChOoVs^ Both 

experiments containeo simple algebra transformational problems 

YUuLnJc^?'' experiment being a replication of the first, 
me students in both experiments were given explanatior sheets 
with worked examples. Subjects were given an opportun trto ask 
q-iestions. Following this. 12 students worked on exaSplcs in ?he 
conventional way and i2 worked problems in which the ffrs? of each 
tSi/'S/'^""; explanations. Cojper and Sweller found 

:„5 * experimental group was better able to solve both similar 
and transfer problems than the conventional group. Exoe"iment 
three, us ng verbal protocols, and experin«nt foEr. u??ng JtSebra 
word problems, a so suppo-ted the hypotheses. The; "onc?uded 

n^nM^!"'!*?''*''^?!"!' autom-ition may help 

acquisition occurred before rule 

J?7heJ;"Ls;?uc?s.'"' °' ''""P^" facilitated both 

Di O'Honnel tested 175 stuaents (72 Hispanics. 48 

Blacks. 33 Anglos, and 22 Orientals) with a cognitive p?Sfe?er,ce 

nJ *r^*T*^ *^9ebra achievement test in two high schools 
?al .Hr;.^?^°r'i°-. ^^'^ concluded that the results indicated; 
in * Significantly higher than Blacks 

on graphics; (b) Hispanics had significantly higher verbal scores 
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than Orientals; and (c) Blacks hr.d significantly higher symbolic 
scores than Hispanic?. 

Moore and Stanley administered a questionnaire concerning 
parents' and grandparents' educational backgrounds to 68 students 
of Abian descent who had scored in the 700-800 range of the SAT-M 
before the age of 13. These students were classified as mathemat- 
ically precocious. Most were first-generation Americans and came 
from well-educated families. 

Moore and Stanley concluded: 



"The phenoHRnal nthemtlcal precocity of these 
Asian Anerlcans, especially fenles, provides 
a superb exa^)l9 of ability, airi>1tion, and 
willingness to i*ork hard that Is helping se 
higher levels..." 

Hoore and Stanley, ERIC: ED 282 367, 
1987, p. 66. 



Pedagogical Factors that Influence Cognition . Research 
reported in 1987 in the catego.y of pedagogical factors that 
Influenced cognition included research on mastery learning, the 
use of examples and lon-examples in concept attainment, whe effects 
of reinfo, cement and feedback on learning, nd learning related 
to spatial attributes of students. 

Mastery learning, which permits students to move at their 
own pace, assuming that they demonstrate mastery of the materials 
as they proceed, was researched by Sullivan (September, 1987). 
The purpose of the research Involving junior high school studen' 
enrolled in general, remedial, and resource mathematics was to 
compare outcomes of mastery learning and traditional learning. 
All students spent one semester in each treatment. 

Sullivan found that the students in the mastery mathematics 
treatment scored significantly higher on tests of application than 
the students in traditional learning, but the traditional students 
outdistanced the mastery students on tests of computational skills 
over one semester. The original mastery learning group outscored 
the original traditional group at the end of the year in all 
measurf;. Discipline problems and equipment failure were cited 
by the teachers as disadvantages of the mastery learning method. 



9i 

81 



mastery learning study with 273 fifth-grade stoder.ts 
111 ur.ianoma, lox (July, 1987) compared me;»sures of achievement self- 
concept, and attitude of students in mastery learning and non-iastery 

mJJ'"!I^?I*"*!'?"^ ^^'^^ academic achievement of the 

^ ^ students of both groups differed, favoring mastery learning 
There were no differences in the middle- and low-ability students of 

JjiJnJl^^'^i'"!!;* i° differences were found in the measJres of self- 
concept and attitudes. 

Many mathematics educators believe that students should 
experience both examples and non-examples in order to understand 
a concept, that is, one must see a "non-square" as well a 
square in order to understand the concept of square. y and 
Jansson (March, 1987) compared the effects of usi>ng two ateqies 
?.nfS?!irS"S."^'"?^" non-examples of parallelogram with 
IITaI V^^u The two sequences were rational and 

ll^t^:. / rational sequence, at least two pairs of matched 

and non-examples were presented in ascending order of 
ir^r f!l]^r»*J".S''fP^® * non-example are matched when their 
LTw'?"! are similar. As one might expect, the 

rational sevJence proved superior to the random sequence on a 
test of concept attainment of parallelogram. 

Reinforcement of learning and effects of feedback were investi- 
gated by Puce (February, 1987), Bonanno (Feoruarv, i587) B JeSbaJm 
and Tatsuoka (Summer, 1987), and Gallagher (Aprif, 195/ Pucci foL 
that randomly admini3tered reinforcers in a^SmputeJ-asiisted^the- 
matics task with 83 subjects produced the greatest positive effects 
^Zr\lV/V ?f teacher reinforcement containing 

^n;w!In!fM*'"'*^.'^r "^^-"teem orientation was superior to neutral, 
schio? H«nI!'"^S:"T* *'^*!; ? ^"9 ^^"'''^d male high ' 
fnn^K J B^i^enbaum and Tatsuoka compared three kinds of 

f h! ?J information about the correctness of response, (b) 

the correct answer, and (c) the correct rule for problem solut on 

Lon'^Jf*' ?^ ^''^'^^^''^ ""^^ rfifferential and depended? 
upon the seriousness of errors. In general, the more feedback 

Jn^L "^'"^ effective was instruction. Gallagher 

found that a delayed feedback of 45 seconds produced greater aains 
dHl?Tnt'JL'f?I'" "'^^ ^° Sixth-grade students on a' microcomputer 
feedback rogrll °" addition facts than iirnediate 

■ Spatnl perception and spatial visual abilities were investiaated 
by Del Gr? -de (April, 1987). Del Grande inserted a strong geoTOt?icIl 
component in a Canadian second-grade program. He developed a spatial 
perception test of 10 spatial categories'and 40 items. Using a teHes 
SIh i™^!"''^'.?®^ concluded that this geometrical intervention 

did impr -e the f latial perception of second-grade students. 
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Del Grande found that the Introduction of 
a special geometrical unit In the second 
grade of sone Canadian elementary schools 
substantially Inproved stude ts' spatial 
perception abilities. 



SUMMARY 



We have reviewed research reported In 1987 in three troad areas: 
individual differences, evaluation, and learning theory. We shall 
surrnia. :'ze the reported research for e^ch of these topics. 

Individual differences consisted of research reviews on analyses 
of student errors; lo" achievers, disabled students, and small group 
Instruction; and mathematical anxiety and sex differences. Analyses 
of student errors continued to be an examination of the steps cr 
-Igorithmic processes performed by students when adding, subtracting, 
mult1pl>1ng, and dividing numbers. Perhaps, the big chance was 
brought on by the use of the computer in classifying error types. 
McDonald, Seal, and Ayers identified Inversion of digits in the 
answer as an er^nr type not previously reported. Hart'j research 
on algebra errors found that often children incirrectly add rather 
than multiply in proportional reasoning problems. 

Williams found that tutoring and counseling of remedial 
tenth-grade mathematics students proved to be an effective prac- 
tice. Groaning is common in elementary reading Instruction, but 
less common in mathematics teaching. Gerleman provided a detailed 
analysis of grouping practices of fcjrth-grade teachers without 
finding clear cut pattern of activities employed by teachers. 
Such activities were largely a function of the teacher's style 
and attitude toward students. 

ilathemctical anxiety was of continued rese->,rch Interest, 
and the Mathematics Anxiety Rating (MARS) Scale was most often 
used to measure anxiety. The search for factors that pro ote 
anxiety did not produce any definitive results. Anxiety remained 
a multifaceted, complex problem. Research on sex differences 
continued to document differences found in testinq, but the reasons 
for such differences remained an open Question, me relationship 
of high mathematical abilities and high verbal skills for outstanding 
females bu!" not necessarily for males was a promising hypothesis 
Jing further study. 
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When evaluating number skills of students, the interview 
process, although time-consuming, remained a superior method 
of probing understandings when compared to paper-and-pencil testinq 
Evaluation of teac^iers in action in the classroom showed that 
teachers who entice student act.vity with questions and explanations 
produced excellent results. Identifying gift.^d sixth-grade students 
brSeRidder*^"^*^ addition to IQ scores in research reported 

Solcmon found that the NAEP objectives and subobjectives 
were *estad by most standardized tests that were examined, and 
that no one test covered more than 65 percent of the NAEP adjectives 



n».-.n„J^J®T??l°^*^ comparisons continued to intrigue researchers, 
fll ?J IJ''*" outperformed American children. Were thr reasons 
iJInJ ^^r^T*'?! educational, parental, cultural or a combin- 
SnrJ factors? The answer to this question remained unclear. 

^" factors, if American mathematics 
liucltZ rlcT competitive in the international mathematics 



;,n.inh?fr"'"2 *5*^°^^ research appeared to lean heavily upon computer 
JSJSSLnyrf '"'^ encoding, retrieving, long-terS memorj, 

n^'M!"^"^• 'S^'"? acquisition, and rule automation 
were plentifu in this research. Research related to Piagetian 

in concept attainment showed that rational sequences were superior 
to random sequences in generating concept attainments. 
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IV. TEACHER EDUCATION 



Teachers represent the heart of the educational enterprise, and 
their education is crucial to the vitality of education. Consequently, 
research in teacher education is important. Although a reasonable 
amount of activity was reported in 1987, the amount of research was 
not overwhelming. This research can be viewed in two categories: 
preservice teacher education and inservice teacher education. 

In presorvice education, the perceptions of preservice teachers 
toward mathematics and teaching are revealing. Unfortunately, the 
preservice teachers studied did not view their preservice training 
as highly useful to their careers. The preservice preparations of 
mathematics teachers were studied, the use of computers was investi- 
gated, and student teaching, the climax of teacher preparation, was 
examined by researchers. 

The thoughts and perceptions of inservice teachers are also 
vital, perhaps, more so than those of preservice teachers. Inservice 
teachers frequently act out "scripts" in the classroom, when diag- 
nosis ri analysis were in order. Teachers and, perhaps, mathematics 
teachers to a greater extent, fall into routine patterns of teaching. 
Large classes, numerous reports, and rigorous work schedules often 
contribute heavily to juch teaching behaviors. 

Preservice Teacher Education 

The research m preservice teacher education will be viewed 
from four perspectives: (a) perceptions that prospective teachers 
had about mathematics and teaching, (b) the preservic: preparation 
of teachers in mathematics and pedagogy, (c) computers and preservice 
education of teachers, and (d) student teaching experiences. 

Perceptions of Mathematics and Teaching . Owens (September, 
1987) provided some alarming findings related to the perceptions 
of four preservice secondary mathematics teachers toward mathematics 
and teaching. Each of the four preservice teachers completed a 
series of seven one-hour interviews designed to determine their 
views related to mathematics and teaching. 

The preservice teachers judged mathematics in terms of its 
. perceived usefulness in the secondary ci" riculum and in terms 
of their successful experiences in secondary school mathematics. 
Their successes in precollege mathematics played an important 
rolB in shaping their perceptions of mathematics. They viewed 
mathematics in terms of their ease in learning it and the ease 
that they anticipated in teaching mathematics. Unfortunately, 




preservice college mathematics courses did not present to them 
experiences that were compatible with their perceptions of 
mathematics. These courses were not viewed as being useful and 
re.evap to their future positions as secondary school teachers. 

. EiOt.inal constructs played a more significant role than practical 
or intellectual constructs in the four teachers' interpretations of 
their undergraduate experiences. College-level mathematics courses 
Viewed against the r backgrounds of secondary mathematics were not 
judged as being relevant or practical. 

Owens' study is a serious indict.nsnt of the mathematical 
preparation of prospective teachers. One. of course, must view 
these findings in terms of the purposes of large, multipurpose 
universities. Mathematics courses in such institutions serve 
£ wide range of students. Prospective teachers are only one 
of many kinds of students being taught, and their future needs 
in teaching can be easily misjudged or overlooked. 

Evans (.January. 1987) focused his study upon freshmen who were 
oriented toward teaching but were enrolled in a la»-qe Midwestern 

!!Ih J^f ! ' enter teaching, 

and Evans attempted to determine their reasons for ot selecting 
J^*f5i?S: Obviously, the lure of an attractive cauer in engi -.earing 
in addition to the compensation and prestige of engineering weighed 
heavily in their decisions, .-vans discussed other reasons for their 
disinterest and suggested ways; that these reasons may have been 
overcome. Certainly, it .s important that mathematics teaching 
attract more and better teachers to the profession, and further 
research on this crucial question is needed. 

rr ,.l?^^.2n°V" Mathematics and Pedagogy. Bitter and Cameron 
l-mier. 1987) discussed screening of preservice teachers for 
mathematical skills; Ginther. Pigge. and Gibney (Novei.rber. 1987) 
concentrated upon the mathematical preparation of future eTementarv 
school teachers; Merrill (November. 1987) focused upon preservice 
teachers understanding or division} and Trent (February. 1387) 
made a plea for better prepared junior high school mathem^Aic*- 
teachers. 

From January. 1983 to June. 1987. the microcomputer research 
Clinic of the College of Education of Arizona Stite University 
.gave the Computer-Administered Mathematics Examination 472 times 
to 205 students. The test, which had many compute'-generated 
equivalent forms, was designed to identify preservice teachers 
who were weak and needed remediation In niathematics. Of the 20"? 
students. 104 failed on their first -ittempts. and 61 of the 104 
passed upon a retesting. Bitter and Cameron described four group- 
ings of the 205 students. The Main Group was the 205 students, the 
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Pretest-Posttest Group consisted of 61 students of the 205 who had 
taken more than one test to pass, the Timed Group consisted of 91 
students who had their responses timed, and the Timed Pretest- 
Posttest group consisted of 27 students who failed the first test 
and retook the test one or more times. 

The primary finding for each of the */roups was as follows. 
In the Main Group, 101 of the 205 students passed on the first 
attempt. There were increased scores for all students of the 
Pretest-Posttest Group, even though the "posttest" may have been 
t^ken as many as four times. The Timed Group required an average 
of nearly 74 minutes for the entire 50 items with a range of 
30 to 152 minutes. In the Timed Pretest-Posttest Group, a mean 
gain of nearly 18 percentage points was achieved from the first 
to the last testings. 

Ginther, Pigge. and Gibney gathered data in 1967-69 and l'»83-85 
concerning mathematics courses studied by prospective and inservice 
elementary teachers at Bowling Green State University, the University 
Of Toledo, and Eastern Michigan University. Approximately 20 percent 
Of the inservice and 80 percent of the preservice elementary teachers 
were also tested during 1967-69 and in 1983-85 with the same 65- 
i tern test. The test covered sets, numeration systems, fundamental 
arithmetic operations, number theory, and geometry. 

The researchers found that the percent of elementary teachers 
taking four or more years of high school mathematics rose from 16 
percent to 31 percent when 1967-69 results were compared to 1983-85 
results. The mean gain on the test from 1967-69 to 1983-85 was 
0.2, which was insignificant. The percent of elementary teachers 
completing more than three college-level mathematics courses 
rose from four percent to 23 percent in the same time interval. 
The mean loss on the mathematical test was 4.25. Consequently, 
elementary teachers of 1983-85 completed more college mathematics 
courses than teachers of 1967-69, but did not possess as much 
mathematical knowledge as those teachers. 



Research revealed that the percentage of 
elementary teachers taking three or more 
years of college nathenatics rose from 
four to 23 percent when data of 1967-69 
Mere compared to data of 1983-85. Surpris- 
ingly, the mathematical understandings of 
the 1983-85 teachers Mere less developed 
than those of 1967-691 
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1007^ ^®''* mapping was the focus of a study by Merrill (November. 

« • L^°"^®P* mapping is a method of organizing materials developed 
by Novak and based upon the theoretical mrk of Ausubel. This 
technique had been shown to produce superior results on cognitive 
testing of students who had used the method rather than conventional 
outlining procedures. 

4 * ^^V^^ divided a group of preservice elementary teachers 
into high- and low-achieving groups, tested them with an attitude 
toward mathematics scale, and taught them to concept map. All 
students were asked to map the division concept. 

After analyzing the division maps. Merrill reported that none 
Of the preservice teachers could map the division concept at the 
IL?^/ ^V^Vr]^^ although students of the high-achieving 

group were significantly better at concept mapping than the low- 
ach eying group of studencs. Merrill recownended teaching the 
division concept to prospective teachers in a way that would 
enhance understanding and would curtail emphasis upon algorithmic 

nf J.lVl^S^^^?^'''* l^^^^ surveyed the fifty state departments 
of education and a random sample of colleges of education at 

^iJjfJ! r""!^^!^ *° determine the adequacy of junior high school 
mathematics teacher preparation, recommendations for inservice 

?I2?oJ'"M'nJ"c.!;IloJ^*^2'' ^^^^^ * ^^°^*«9« 0^ well-trained 
junior high school mathematics teachers. 

Trent concluded from an analysis of the survey results that: 
laj junior high school mathematics teachers were inadequately 
prepared in either content or methods of teaching; (b) there 
was a shortage of well-trained junior high school teachers; (c) 
universities did not offer relevant curricula for junior high 
mJS rl ^11 « master's degree in junior 

.T? ^^^^ teachers had a minor 

or less in mathematics; and (f) the methods courses for junior 
high teachers were inadequate. 

Computers and Preservice Tparhprc, Investigations of computer 
use with preservice teachers were conducted by Henry and Holtan 
(November. 987). Battista (April. 1987). Rucinski (March. 1987). 
and Krach (January. 1987). ' 

Henry and Holtan randomly assigned 26 college students of two 
elementary mathematics methods courses to two groups. Both groups 
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were pretested and given one hour of lecture/demonstration on 
microcomputer operations, terminology, and classroom applications. 
Following this lecture, the first group was given a one-hour hands- 
on laboratory experience with microcomputers, whereas, the second 
group was given a one-hour, in-class demonstration covering the 
same materials as the first group had experienced in the laboratory 
situation. Finally, both groups were posttested. 

Henry and Haltan concluded that two hours of instruction 
did significantly improve students' knowledge of microcomputers, 
but that there were no significant differences in the extent of 
the knowledge of the two groups. They concluded that intitial 
computer work with students should emphasize discussions and 
demonstrations rather than hands-on laboratory work. 

The use of Logo with 69 preservice teachers enrolled in 
a special geometry course was studied by Battista. After about 
three weeks of instruction, each class was randomly divided into 
two groups. One group was given assignments which were to be 
completed using Logo to investigate various geometrical concepts. 
The other group completed equivalent assignments using paper, 
pencil, ruler, compass, and protractor. At the conclusion of 
this treatment period, the two groups switched treatments while 
studying a different geometric assignment. 

Battista concluded from the study that using Logo with preservice 
elementary teachers was not as effective as using paper-and- pencil 
investigations. He offered several explanations for the Logo group's 
poor performance. First, students had had difficulty transferring 
their laboratory experiences with Logo to paper-and- pencil appli- 
cations. Second, because of the shortage of microcomputers (two 
or three had to share a microcomputer) the Logo c oup may have had 
less actual manipulative experience than the paper-and- pencil group. 
The researchers concluded that a great deal more research on the 
effects of Logo to teach mathematics is needed in the future. 

Rucinski investigated the possible effects computer programming 
would have upon developing problem-solving strategies In preservice 
elementary teachers. The experimental group were students enrolled 
in a course entitled "Microcomputers in Education," and the control 
groups were students studying either "Metric Geometry and Teaching 
Elementary Mathematics" or "Instructional Tasks in the Secondary 
School." The students of the experimental group were taught BASIC. 
The groups were pretested and posttested with special problem situ- 
ations designed in the 1960's at the Loyola University Psychometric 
Laboratory. 

Rucinski found that an introductory course in computer program- 
ming did not have a statistically significant effect upon the problem- 
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solving abilities of the students In this course. He suggested that 
different results might have been obtained If students whose majors 
were outside of elementary education had participated in the study. 

Logo was also the focus of investigation by Krach. He compared 
two groups. One group composed of 54 elementary education students 
participated in an Introductory Logo microcomputer laboratory and 
a traditional manipulative materials elementary probability laboratory 
experience. The second group of 47 elementary education students 
was exposed to the same Logo microcomputer laboratory as the first 
HIIJUSm??! experiences in an elementary microcomputer 

probability laboratory instead of the traditional manipulative 
probability laboratory. The groups were tested on probability 
concepts at the conclusion Of the experimental period. On this 

"® ^roup. those who had had a Logo laboratory in 
addition to traditional manipulative materials, outperformed 
} group haying had the microcomputer probability laboratory 
in addition to the Logo laboratory 



Research on co^NJter u$e.w1th preservice 
teachers did not show any advantages for 
conputers when conpared with conventional 
instruction. The criteria used were 
i^Hnoveaent in probleiHsolvIng abilities 
or achieveMnt. This finding is consistent 
with research on coaputer use at the pre- 
college level. 



. ^ ^^"^g;^ ^!^^^!?'' - teaching Is very often the culmination 

Of a teacher education program. It provides prospective teachers 
iJncSf?!'*""!*^*! *° experience the "firing line" of teaching. Many 
«J teachers regard these experiences as the most Important 
Aatllu ^^^V' P«>^««^0"al training. Consequently, student teaching 
deserves much research attention. 

In 1987, several studies related to student teaching in mathe- 
matics were reported. We shall review two of those studies: one 
completed by Smith (December, 1987) and another by Tooke (June, 1987). 

Smith surveyed student teachers from seven Pennsylvania state 
universities to determine their perceptions of their mastery of 
the principles and techniques of diagnostic mathematics teaching. 
A modified version of the Diagnostic Instrument of Supervision 
was used in the survey. The data, which included the diagnostic 
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instrument results, analysis of written course descriptions, and 
reports of instructor interviews, were designed to help student 
teachers evaluate their teaching techniques and to provide infor- 
mation to the institutions for possible program modifications. 

Smith reported that the results of the survey revealed that 
the student teachers recognized a need for improvement, but did 
not feel a need for improvement in any specific area of diagnostic 
teaching. The survey also indicated that a greater emphasis on 
the implementation of instructional techniques was needed in the 
teacher training programs. 

Tooke determined correlations between selected areas of the 
mathematics training of secondary school student teachers and the 
achievements of their students. The student teachers taught their 
classes from a performance basied unit approved by the classroom 
as well as the college supervisor. The percentages of objectives 
attained by the students were the measures of achievement of the 
students that were correlated with elements of the student teachers' 
training. 

The achievements of students in pre-algebra secondary mathe- 
matics courses correlated positively (r « .63) with the student 
teachers grade point averages in college pre-cal cuius '">urses. The 
achievements of students in algebra and higher courses correlated 
positively (r = .80) with the grades of the student teachers' 
geometry course work. In general, the achievements of students 
correlated positively with the number of semester hours of college 
mathematics completed by the student teachers. 



Research Indicated that the achleveoents of 
students of student teachers correlated highly 
with the nunbers of seaester hours of college 
nathentlcs courses co^)1eted by the student 
teachers. 



Inservice Teacher Education 

We shall review research on inservice teacher education from 
two viewpoints. First, we shall look at research related to how 
teachers think about mathematics and the teaching of mathematics. 
Second, we shall review research related to the actual inservice 
education of teachers. Research on both of these topics was not 
extensive in 1987. 
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, , —s — — ^9 ^bout Ma thematics and Teaching . We shall 

review four studies related to teachers' thoughts aboUt mathemati 



JId JJhwJfr'' ?^ jathematics. Schmidt. Po?ter. Floden. Freeman, 
and Schwille (September-October. 1987) identified four patterns 
Of teacher content decision making. Putnam (Spring. 1987) reviewed 
live and simulated tutoring of addition involJing first- and 
second-grade teachers in the San Francisco area. Russell (May. 

°^ aboit children aid 

mathematics, and Thibodeau and Cebelius (February. 1987) studied 

L?he™J;«'"''*^°"' °^ 'P''^'^ ^'^'^^'^ toward teaching 



research eJJ^H^nJ^\rc?'^/''!™?' '"^ ^""^"^^^^ ''^^ extensive 
cSrHnn-r !! in Studying factors that influenced teachers in 

had ISJjId 5SI ^!r''^"^ °! individual classroom level. They 
JesuUs- S?sc5L 1 "'IJh' °r objectives; standardized lest 

JhoH^'J np^^IS?n;l*^P''l"S^Pf^!] ^e^cfie^-s. parents; subject-matter 
ratter IniovSSJ^ '^ ^ JhJr difficulties; and teacher subject 

ISi: ^" *bis study, they focused upon 18 teachers who 

??lraSlrJh«rT distficts. The iS teachers 

of grades three to five were selected on the basis of their strona and 

SlJe'^tJaae^HzeVL^^L'Sr:"- "^?°^ distr?Jts orthelea'cSefs 
were characterized as middle to upper middle class neighborhoods. 

hourJIn ilJf*J!l*r^ interviewed for approximately two 

5? lesson5^j!A\'w'/"J!"!u^°' mathematics, the kinds 

of «rta?J *'"S^* and the strength 

oMnrlJilJ factors, such as parents, textbooks, other teachers, 
object ves. and tests, in their content decision-makirg. The 

ij cJiI?e? JnaT«ses^"'"°''"''' ^"^ly^d extensively 

The analyses resulted in four clusters called "generic patterns 
of teacher content decision making." The four patterns were (a) 

coSt«;;'?Ic.''\'f^°'^ teachers), who deJJneS tSe r^ 

content instruction as the first X pages of the textbook; (b) the 
textbook follower with strong student influence (six teachers) who 
used the textbook carefully but varied the page assignroSts fo; 

''"?^[:*^ ^" <<^) folloJe?Tconce5tion 

JSJtf;?VTr^*"'!' teachers), who were more influenced n 

s?JjpnL experiences, the remainder of the cSrr culum. 

students, and other teachers than by merely the textbook; and (d) 
follower of district objectives (three teachers), who fo lowed very 
closely the objectives of the district rather thin merely t^texibook. 
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Extensive Interviews with prlnry grade teachers 
who had strong views about nthenatlcs education 
revealed four generic patterns of curricul^r 
declslon-nking In ntheaatlcs Instruction: (a) 
classic textbook follower, (b) textbook follower 
with strong student Influence, (c) follower of 
district objectives, and (d) follower of conception 
and past experiences. 



Putnam worked with four second-grade and two first-grade 
teachers from the San Francisco area. All were women with at 
least ten years of teaching experience. Each teacher tutored 
one second-grade student during two 20-minute sessions before 
or after school hours. These tutoring sessions were videotaped 
and were viewed by Putnam and the teacher, after each session. 

After finishing two tutoring sessions with students, each of 
the teachers tutored six computer-simulated students in a session 
of about ZH hours. In the simulation, a computer presented a 
series of students who make various systematic errors in addition 
exercises. The teacher interacted with the simulated student by 
selecting from a set of predetermined instructional moves. Each 
move was written on a card with an identifying number, which the 
teacher typed into the computer. The teacher continued this process 
until satisfied that the student had mastered the addition algorithm. 
At this point, the teacher was presented a retroactive prediction 
task. The teacher was given four addition exercises and asked to 
complete them as the student would have done before instruction 
began . 

Putnam hypothesized a "curriculum script" model after analyzing 
the live and simulated tutoring episodes. He felt that teachers, 
instead of using a diagnostic model for tutoring, tended to follow 
a series of predetermined exercises as a substitute for the diagnostic 
model. Putnam named these predetermined exercise sets "a curriculum 
script." 

The central finding of the study was that experienced teachers 
did not attempt to construct detailed models of their students' 
knowledge before the tutoring sessions. Rather, each teacher 
appeared to employ a curriculum script. The question was posed 
why teachers followed such "scripts" rather than attempt to diagnose 
individual student difficulties. It appeared that efficiency of 
instruction gained through years of classroom CA^erience dominated 
the tutoring rather than an inefficient individual diagnosis. The 
curriculum script gained from past experiences was probably regarded 
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about'*chi?Jip^*InJ°™Jh' ^Jf"^"'^ °^ elementary teachers' thinking 
JeSin;,r li n?;!^*^*""*^*'!* Conducted an inservice 

seminar of 12 elementary teachers who discussed issues raised by 

S?S2™?ir:/::jJi?'" ^°1^^"9. viewing videotapes if cMld?en solving 
Sf f?^i.^ J .LrJIr* "9 °^ Children's work frSm 

ie're^a^r; f;;e"I?e:e'd. ^^^^^'e" 

^^^^lope*! a taxonomy of teachers' thinking that 
teSi; "«Jor divisions.- (a) mathematical le;?ning and 

case Hp rHn;j5^"9 mathematics, (c) school and society and 
useful ?o '^"'f*^^ taxonomy would be 

useful to other researchers interested in analvzina the thinUnn 
of elementary teachers about mathematics aS3 chnd?en ^ 

fhl^l'^'^^^r Cebelius surveyed 141 special education teachers 
in three New England suburban school districts. The results Jf 

d sc?EtI"2IJ!i'^ '^^^'^ «d""t^°" teachlJs d d not 

rlai^H?!; "I****; handicapped and nonhandi capped children 
regarding the importance of mathematics, (b) readina was reaarded 
fLT?^ ^""da"«ntal for children than mitherat^cs. C?)^?^ 
iJJLLw'^r'r* f perceived of themse 5is ™ ?eing 

I7^?rt 0? P^if^!;'^'"?J^"'/^> regardless of the number ^ 
2err?oSf?L«?'^J JJ'f ' ""^^^^^y °^ ^P«<^^«1 education teachers 
J1) a5?S^uarLJ. J^*!'' preparedness to teach mathematics, and 
iSn,-? JJ^^J perceived as being prepared, most felt a need for 
CM dJeS Jett'eJ^ " nuithematics education in order to seJ^e 



A survey of 141 special education teachers 
found that aore than 83 percent of the* felt 
prepared to teach aathentlcs to children, 
but lost also felt a need for additional 
training In aathenatlcs education. 



*u .^"service Education of Tearhpr^. Three studies dealt with 
IvP ni^I'i" °^ Good and GroSis (June! 1987) 




Good and Grouws observed that many mathematics teachers viewed 
mathematics as characterized by certainty and that they felt their 
function was one of helping students solve problems quickly and 
accurately. Good and Grouws felt that these viewpoints sustained, 
if not caused, poor student performance in mathematics found 
In national assessments. 

Good and Grouws found from earlier work with elementary 
teachers that the developmental phase of instruction, which is 
designed to deepen understandings of skills, concepts, and other 
facets of mathematical learning, was often neglected by teachers. 
They identified five components important to development: (a) 
attending to prerequisites, (b) attending to relationships, 
(c) attending to representation, (d) generalizing concepts, 
and (e) attending to language. 

They developed an inservice training program which involver* 
teachers as professional partners. The program gave attention 
to the content of mathematics, teaching methods, and management 
issues. Each topic was approached from 3 dual viewpoint: a 
content strand and a management strand. The key topics in their 
program were problem solving, estimation, mental computation, 
and computers. 

In the spring of 1985, Good and Grouws tried their inservice 
program with 16 fourth-grade teachers and seven principals of one 
school district. The plan consisted of ten half-day sessions every 
two weeks from December through February. The results of the 
inservice sessions were most favorably received by the teachers 
involved. 

Travers surveyed 215 elementary, secondary, and postsecondary 
teachers of mathematics at a statewide conference of mathematics 
educators. It was concluded that different kinds of motivation 
existed for participation in the conference. Eighty-one percent of 
the participants indicated general indeterminate needs unrelated to 
specific roles. Eight percent indicated a specific problem-solving 
need for the conference, and seven percent felt needs which were 
based upon minor role changes. 

Taylor-Ortega mailed questionnaires to 252 mathematics education 
graduates of Brigham Young University during the period of 1971-85. 
It was found that only 34 percent of the graduates were teaching 
mathematics in 1985. The most common pattern of employment was 
to teach for one to five years and then leave teaching because 
of marriage or a change of employment. 
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SUMMARY 



n««ni^J51f f« viewed teacher education from two broad 

JdnJJ?5J^"ii*r"rrI" ^^'^^^^ education and inservice teacher 
J^*.'^^*^^"^^ ^^'^ perspectives represent two distinct 

• tJj^Mnh Ihi^J """^r °^ teachers, there are conmon threads runSing 

unSfJn^L^ "^^^ P^««ed with the relevance of the r 

undergraduate preparations in mathematics and pedagogy to ?heir ater 

I ^!]" teachers frequently acted out "scripts" in the 
S«5fS t!;J*" diagnoses and analyses of student difficSlties werl 

eavlf; to ^his^'-scr °f ''t''''' ^'^''^'^ contrS 

neaviiy to tnis scriptural" inservice behavior. 

nr^cp!u?^lI*'L'*\°**"^^" intensively interviewed four 

traJninI !^th'cJ''^'f°'*^^ ^^^^ ^^^^^^d ^^eir undergraduate 
L?l?r?a?I«S."''SJ^'\""' 3"«t^°"^"9 its relevance to their 
teachirs J? Ila3 K"",!***^^'^';^ 1967-69 were compared with 
hfrf SJ.M^fl !583-85. it was found that the teachers of 1967-69 
hut !SJ^Jnfr*^?**^*'"*^" t^*" teachers of 1983-85. 

coloTrld tSi iJfiT^wT"'; °" '^"•^^'^ nuithematlcal tests iere 
?hTt^^V'!l8lirc^'uJ?rrSa%ls?'^'^^"'''^^ ^"^^ "^^^ 

An.^H?]i^cI!?Il ^1!"^°'' ^^9^ ^'^ b«en a fixture in the 

American school system for decades, a survey of 50 states and 
numerous colleges of education revwled that few had soeciJl 

Jiah I?Jlni competing for prominence with the junior 

si2^^ff^^^J^'?®'^/^*^ ^^"le win be done to further 
f5?2re ^^9^ mathematics teachefs. 

;,t th!^^"T**'' J" teacher education, too. Researchers 

?Je SI nln^J.!' the precollege levels were determined to stuSy 
bl nJ^wSr? °' working with computers. The usual hoped-for 
by-product, increased problem-solving skills, did not materialize 

cSJpJteJr ^^^^ studen™ nS; i ng 

S«rrJf;c II ^iTl «'»""<'«"tly Clear that the goals of future 

e?n?r^nr.'«J°"i^'*' ' "^^ ^^^'^^^ ^^"^^"9 the best and most 
rithpr !JJ !f of coinputers as a tool to enhance instruction 
rather than searching for by-products. 

J"/ ^^"5^ °^ student teachers, it was found that many did 
K.McS^Jj; ' diagnostic attitude toward instruction. prSly 
oecause they had not received adequate training in the diagnoses 
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of student difficulties. Not surprisingly, the achievements of 
students were correlated highly with the mathematical training 
of their student teachers, as revealed in a study by Tooke. 

Researchers interested in inservice teachers found that, 
frequently, teachers were classic textbook followers, textbook 
followers subject to student influences, strict followers of 
district mathematical objectives, or follower's of past experiences. 
Putnam found that elementary teachers were followers of a "curriculum 
script, that is, a prearranged plan to cover certain materials 
in a certain way. It appeared that the following of thesa scripts 
led teachers away from a more diagnostic model of teaching in 
which the teacher is guided in teaching by the difficulties that 
students experience. One wonders if the so-called "models" of 
teaching quite popular today, with their strict adherence to 
prescribed steps of teaching, lead teachers away from a diagnostic 
model of teaching. On the other hand, the many demands of the 
teachers may also mitigate against a diagnostic attitude in the 
classroom. 

Research ay Good and Grouws added to an understanding of the 
Classroom rigidness of teachers. They found that many mathematics 
teachers viewed mathematics es characterized by certainty rather 
than a free way of thinking. With that mind frame, it is not 
surprising that many mathematics teachers felt that their primary 
responsibility was to help students solve problems rapidly and 
accurately. Good and Grouws had previously found that many mathe- 
matics teachers also neglected the developmental phase of mathematics 
teaching. 

4.U * ^^^^''esearch on teacher education reported in 1987 demonstrated 
that mathematics teacher education is not in the most healthy state. 
One hopes that the researchers of the future may find ways to improve 
the education of mathematics teachers. 
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V. C0LLE6E-LEVEL INSTRUCTIO* 



One usually associates "research" with a crucial function of 
higher education, and while most educational researchers are members 
Of institutions of higher education, there has been considerably 
more research done a: the pre-college than the college levels, 
hurthermoi-e, there has been more research done related to the 
teaching of mathematics during the first two years of college 
than the last two years. In fact, one might observe that there 
appears to be an inverse relationship between the amount of 
research completed and the level of education that is researched. 

^A*^ ^"J''^^ section on college-level instruction, we shall begin 
with a discussion of research related to prominent researchers and 
teachers of mathematics at the college level. We shall consider 
i;!!5"I!5f.?" content and learning including calculus, logic, proof, 
5J??JJ1I quadratic equations. Methods and learning, pre- 

il^li^l J 1? ^'^^^^S® mathematics, error analyses, and 

remediation will be discussed. 

Topics that cormianded considerable Interest were computers, 
mathematical anxiety, and sex difference related to learning mathe- 
matics. Computers entered the college arena with much activity. 
woJS'Ulnf"!.!! c;"V"*er-aided instruction with traditional instruction 
were done without much advantage being found for computers over 

1 '^thematical anxiety has been a center of 

a great deal of research activity. The problem of anxiety is 
extremely complex, related to many other factors, including test 
anxiety. Because of the complexity of mathematical anxiety, 
the progress toward solutions has been limited. Workshops, special 
treatments, and special therapies have been tried. Frequently, the 
best solution is the "caring teacher." Research on sex differences 
Se!!e o^Sn l;.^!lJl/-"J/^!^°?5'' differences between males and females 
ellsiJe ^'^^^^ reasons for those differences remained 

Prominent Researchers and Teachers of Mathematics 

,nH inH^cIH ^^1!*'^®*' talented research mathematicians, 

and Johnson (July. 1987) focused upon prominent college teachers of 
mathematics. wi 

Prominent Researchers. Gustin's study of talented research 
mathematicians was done in conjunction with the Development of 
Talent Project directed by Benjamin Bloom at The University of 
Chicago. It was hoped that the study would document the processes 
of exceptional cognitive development. The mathematicians chosen 
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for the study had demonstrated extraordinary achievements in 
mathematfcal research. They were interviewed t- determine their 
home environments, learning experiences, and personal characteristics. 
Their parents, in most cases, were also interviewed to corroborate 
and extend tne recollections. 

The home environment was very important. Tha parents were 
typically well-educated professionals who prized academic success 
but did not pressure their children fr particular caree*- choices. 
The mathematicians were usually the oidest child in the family 
or the oldest male child. They were good students In high school 
who enjoyed working alone and excelled in science and mathematics. 
Usually, the mathematicians had not made a career choice when 
they began college. They enrolled in mathematics courses, excelled 
in them, and were studying graduate courses by their sophomore 
years in college. Following graduation, they enrolled in one 
of the better graduate schools. This was followed by ten years 
of inte'^se work in their chosen specializations. They insisted 
that hftij work was the essential ingredient for their success 
in mathematical research. 

Prominent Teachers . Johnson studied teachers of mathematics 
chosen by the Mathematical Association of America for their reputations 
as fine teachers as well as fine mathematicians. The professors 
were filmed In action in the classroom, and eight films were chosen 
for special coding. The results cf the coding revealed that: (a) 
the master teachers dealt with one major theme, with all other themes 
subordinate to *.hat major theme; (b) the teacher usually gave an 
overview, followed by the body of the lecture, and concluded by a 
sunmary; (c) roughly half of the lectures were extensive and half 
were intensive: (d) the average number of variations and pauses was 
6.8 per minute; and (e) almost all of the teachers included materials 
that fostered positive responses from the students. 

Content Related to Learning 

We shall consider research related to content and learning 
in three ways: (a) teaching calculus, (b) logic and proof, 
and (c) probability and quadratic equations. Calculus forms 
the backbone of most college departments of mathematics, because 
it is a course sequence required of so many different majors 
and fields. 

Teaching Calculus . Rumore (July, 1987) investigated the 
teaching of the function concept to college students, Foley (March, 
1987) studied the use of infinitesimals to introduce limits, Ferzola 
(June, 1987) traced the evaluation of the concept of differential 
and how that evolution influenced the teaching of differential in 
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a calculus course, and Mo1n (October, 1987) completed a meta-analysis 
of rs*sarch related to four different methods of teaching calculus. 

Rumore found no significant differences in teaching a unit on 
functions by presenting the formal definition followed by examples 

!?Jh\^?"T*^°"5^ V^^*^^ incorporated the traditional approach 

with examples and nonexamples plus analyses of the examples. 

colleae^ctuSilSrSi Hi 1^'"^* <^°""P* *o conmunity 

n?5of ! traditional epsilon-delta approach with the 

infinitesimal approach of a course in nonstandard analysis. An 
achievement test consisting of questions on computation of limits 
and comprehension of limits and continuity was administered to both 
?hTff;t ^^?!:* "^'l no differences found between tli; ?w^ gJoups Sn 
^toJ hin "^^^ved higher than females, and 

tT?L J?-J3i.5'JK'"*°;"'® ^ ^" ''^9h school responded beuer 

to the standard than he nonstandard approach. 

diff^^fn??]? illJ™*!*"!.®^®^!!*?®" °^ n«thematical concept of 
?9Sn iJtTn^® of Leibniz (1646-1716) to Cartan (1869- 
1951). In particular, he explored the evolution from Leibniz to 
S?"5fffeM?tT; of the typical present-day textbook def niti on 
^ Hfr! J * "^^r"^' evolution of the concept 

of differential in the calculus of functions of several real variables 

0? S'Jn J?'h?S? of differentlaf tn the ?onSx 

?L2c.*?i!l ^^^^^'^''t;*!' nwltiple integration, the generalized 

oJ exJ^rlir hT;;oJ:^J^? i™ °^ Cartan 's development 

J cM^ifrl-w ^'^^^e*^"* "1 ^0"^ was also explored. Ferzola provided 

his s?Sdi ^/rS:'; c!?^"? "]*^"J" "^l"*"*^* °^ based upon 

nis study of the historical evolution. 

<n*t«'!?I?«"***7"'J'^^^?i research on four techniques of calculus 
instruction: (a) self-paced master) learning, (b) formati-s 
evaluation/feedback remediation, (c) computSJ^ass st?T!t;Sction 
- The 5elf-pacSd techniqiei 're s?mi a?' 

Sedb rrL^r?;""Vr''' °' ^^"^"^"9. formative evaluatTin 
I?lJf! 1 J®"®**^" frequent testing for remediation of 

difficulties, computer-assisted Instruction used the computer in 

s?fl?ea^«^dIJS^oH^'^'^^ was based upon varioHs innovative 

strategies designed to improve learning. The average effect sizes, 

TnlJluJHni^;/ rrr''! ^" instruction and traS "o^al 

instruction divided by che standard deviation, were 0.54, 0.29, 0 23 
and 0 20, respectively. This would lead one to conclude thiti^isie?; 
learning was the most effective of the four techniques describS! 

Lojlondiroof. Saulsbery (August, 1987) explored the develop- 
^Jf "^«PP'^"*^J"0^ Euler and Venn diagrams to the teaching of ^ 
college logic. Hart (June, 1987) investigated the performances of 
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proof writing of colleoe students studying elementary grcjp theory, 
and Lewis (March, 1987) studied the perceptions of proof by university 
students and the relationships of these perceptions to achievement. 

Saulsbery studied the logic diagrams of Euler and Venn along 
with selections of techniques used to teach logic with both diagrams. 
He analyzed and studied the assumptions and theory used by Euler in 
his geometric representations of logic. He also discussed the 
logic of Boole as a foundation for Venn's diagramatic approach. 

Finally, Saulsbery compared the Euler and Venn methods, 
analyzing the merits, defects, and limitations of each, and the 
characteristics of each method to illustrate logical relations 
as well as the immediate inferences and moods of the categorical 
syllogism. 

Hart described the performances of vaHous classifications 
of students as they attempted to write proofs in elementary group 
theory. Twenty-nine college mathematics majors enrolled in three 
sequential abstract algebra courses were studied. The students 
were classified into four levels of understanding: (a) pre- 
understanding, (b) syntactic understanding, (c) semantic-concrete 
understanding, and (d) semantic-abstract understanding. The 
written proofs of the students on six problems were analyzed 
for correctness, processes used, and the students' assessments 
of the proof tasks. The major conclusion of the study was that 
the performances of the students could be traced to the stability 
or instability of their conceptual understanding of elementary 
group theory. Hart concluded that there are not experts and 
novices, but various gradations. The evolution from novice to 
expert is a rather unstable develo:>mental process. 



In describing Mtheattlcal understanding, 
there are not just "novices" and "experts" 
but rather mny gradations between the two. 
The developaental process froa "novice" to 
"expert" is an unstable one. 



Lewis investigated the relationship of the understanding of 
proof and achievement of junior-level mathematics majors. Forty- 
seven students studying advanced calculus were given a questionnaire 
designed to measure various aspects of their understandings of proof. 
Using the results of the questionnaire, Lewis designed an interview 
script. The script was designed to assess subjective perceptions of 
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proof, the degree to which students enjoyed constructing proofs, and 
their conffrlenca and ability to generate proofs. Achievement data 
were also collected, and no associations could be found between the 
script results and the achievement of the students. 

^r°'^f'^l'!.^.jf '"^ Quad ratic Equations . Knoth and Benassi (April, 

1987} tested 59F students enrolled in an Introductory psychology 
course on simple, additive, and multiplication probability problems, 
presumably. Involving mutually exclusive or Independent events The 
test was designed to determine if students had knowledge of the fact 
that the conjunction of two or more events cannot have a probability 
greater than the probability of any one of the events. Eighty- three 
percent of the tested students failed to Invoke this conjunctive 
concept. 

Verheyden (November, 1987) compared an Integrated presentation 
with a traditional presentation of quadratic functions with college 
algebra students. The Integrated treatment emphasized graphs of 
quadJ-atlc functions and techniques for solving quadratic equations. 
The two groups were pre- and posttested. Verheyden found that the 
group Instructed by the Integrated method exhibited significantly 
better relational abilities, transfer ability (ability to solve 
higher degree equations than two), and ability to solve quadratic 
applications than the traditional group. 

Methods and Learnino 

This section will be viewed from two broad perspectives: methods 
of learning and psychological factors. Methods of learning will 
incluie research or devices and techniques attempted at the college 
level to Improve learning. Psychological factors will deal with the 
underlying reasons "^or certain approaches In college Instruction. 

Methods of la^r ir^. Goi'zales (January, 1987) studied 
diagram-drawl nj rt« i p r-^lem-solvlng strategy, Odafe (February, 
1987) Investlgat*^..; P-_fA*i solving with special students, Massey 
^Aprll, 1987/ lo( kc:: Into using algebra notecards by college 
students. Burton {»iwary, 1987) focused upon essay writing in 
learning mathematics. Warden (September, 1987) studied test-like 
events with college students, Emley (July, 1987) investigated 
cooperative learning, and Ehlers (February, 1987) compared mastery 
learning and traditional lecture methods of Instruction. 

Gonzales compared two Intact groups of college algebra students: 
one group was given Instruction Including diagram-drawing in solving 
problems and the other group only received Instruction in algebraic 
techniques. Gonzales found positive but insignificant comparisons 
in favor of the diagram-drawing treatment in measures of learning 
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to solve verbal problems, recalling problem-solving instances, and 
solving problems which had not been taught earlier to the students. 

Odafe compared problem-solving instruction with traditional 
lecture instruction with two groups of students from a special 
recruitment and admissions program. Mhen comparing the two groups 
at the conclusion of instruction on course achievement with the 
skills section of a College Board examination and a researcher- 
constructed achievement test used as Joint covariates, there 
were no differences between the groups. However, when only the 
researcher-constructed test was used as a covariate, the problem- 
solving group scored significantly greater than the lecture group. 

Massey felt that using algebra notecards might help students 
become more efficient and effective learners of algebra. She 
experimented with traditional college students and adult learners 
(students who had graduated more than five years before beginning 
the algebra course) and found no significant differences between 
the two groups of students in their algebra achievements. 

Burton had 50 students of an introductory leve. .ollege 
mathematics course write essays about their homework and in-class 
mathematical activities. He compared their achievement test scores 
with a control group of 49 students over a four- week period and 
found that the essay writing did not affect achievement but did 
have positive effects on retention of knowledge. 



Essay writing by college students about 
roathemtlcal activities In a beginning- 
level colllege nathemtlcs course had 
positive effects upon the students' 
matheMtlcal retention. 



Warden found that students who were given test- 1 ike items in 
lecture sessions did not achieve greater in a general education 
mathematics course than students who merely listened to the lectures. 
The material covered by the two groups was counting methods in an 
introductory probability course. 

Remedial mathematics was taught in two ways to two groups of 
college-level remedial mathematics students: (a) the Team Assisted 
Individualization (TAI) Method, and (b) the Individualized Instruction 
(II) Method. Emley found no significant differences between the 
twc methods on algebra achievement, but he did find that the TAI 
group had an 83 percent completion rate, whereas, the II group only 
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experienced a 54 percent rate. He also observed that introverts 
as determined by the rtyers-Briggs Personality Indicator functioned 
more effectively in the TAI than the II settings. 

Ehlers compared an "under 21" age group with a "21 and over" 
age group, while they were studying college algebra under two 
learning conditions: a modified mastery learning technique and 
a traditional lecture method. She found that: (a) students 
Of the under 21" age group achieved higher than the "21 and 
over age group in the mastery learning groups, but that when 
compar ng students in both lecture and mastery learning groups, 
the 21 and over" group achieved higher than the "under 21" group. 

Psychological Factors. German (May. 1987) studied an analogy- 
Induced scnema in a new domain learning situation with college 
Jn!£?IIi5;«J] ?!r 1987) investigated Piaget's binary 

combinations with students of a large Midwestern university, 
and Ponick (March. 1987) used animation on a microcomputer's 
studentj concept learning of 71 undergraduate 

^ of advance organizers has been & popular topic of 

rn!?JIu\Jl^ Ausubel's work in the 1960 's. German constructed an 

m!]S^ "JT "P®" ^'^^^^'^l ^^^^^ system for introducing 
binary, octal, and hexadecimal number systems. He presented the 

JIf .F. I!^*^"*^*^?" computer to one group of students just before 
S tJi^'JIJ! o^-ganlze'^ rules uere given, and he presented the analogy 
to the other students immediately prior to the posttest. He found 
differences in favor of the earlier presentation in numbers of 
exercises completed, the time needed for the exercises, and in the 
time used to complete the computer module. 

^^V^^/ Inhelder had suggested that 

formal logical reasoning can be described by 16 binary combinations. 
Alliger wished to determine whether or hot a paper-and- pencil 
test would ^ as effective as an individually administered test 
in determining the hierarchial order of the logic. Subjects 
for the study were students from mathematics classes in a large 
"'^•v?rsjty. An analysis of the paper-and-pencil test 

tl ISnJ. ir*w*'J^*Iu°''?®!:I"f! °r ""*^y combinations similar 

to those found in the individually administered propositional logic 
game test. He concluded that the paper-and-pencil test could serve 
as a suitable substitute for the individually administered tests, 
thereby saving time and resources. 

manipulated visual cognitive processes to determine their 
S*^? learning. Usirsg the microcomputer as an instructional 
medium, Ponick compared four methods of presenting the sketching 
Of families of mathematical curves. The four treatments were 




defined by crossing two presentation variables (sequential versus 
simultaneous) and two selection variables (random versus guided). 
One of these groups also included animation. 



Seventy-one university undergraduate students, non-mathematics 
majors or minors, were randomly assigned to the four treatment 
groups. Ponick found no significant differences among the four 
groups on the various measures of achievement utilized. However, 
there was a significant difference in the group receiving the 
animation treatment. 



In using the alcroccMputer to present sketching 
of faallles of curves to college students. It was 
found that a presentation Including anlmtlon was 
■ore effective than non-anlaated presentations. 



Prediction of Success in College Mathematics 

We shall consider prediction of success in college mathematics 
from two points-of-view: (a) various factors that affect performance, 
and (b) predictors of achievement. 

Various Factors Aff ecting Performance . Sexton (September, 

1987) investigated a self-efficacy-based model of mathematical 
performance, Witt (October, 1987) studied the effects of mathematics 
placement examinations, Grandy (October, 1987b) reviewed selection 
of mathematics as a college major by top-scoring SAT takers, Whitley 
(February, 1987) analyzed mathematics as a college filter to various 
majors, and Whitley (April, 1987) also studied various dimensions 
of college mathematical experiences as they affected choices of 
college majors. 

Sexton had a set of college females take a series of mathematical 
word problem tests. In each of the tests, the students chose the 
levels of problem difficulty and how much effort to expend. A path 
analysis was used to probe the relationships. 

Sexton determined that previous college mathematics courses 
and test scores were related to general mathematics self-efficacy. 
Past experiences were also major contributors to the levels of 
performance on the word problem tests. 

Witt investigated the effects of mathematics placement tests 
upon students' grade point averages, success and completion rates 
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of mathematics courses. He studied the grade point averages, 
success, and completion rates for a period of semesters before 
the placement examinations were given and again four semesters 
following the administration of the examinations. He found that 
the grade point averages for students in intermediate algebra, 
trigonometry, and calculus were unaffected; however, increased 
completion rates of students in intermediate algebra and triqo- 
given^^ observed, after the placement examination had been 

Grandy analyzed the trends in the selection of science, mathe- 
matics, or engineering as a major field of study among top-scoring 
SAT takers. Grandy found that the proportion of top-scoring SAT 

"^ence, mathematics, or engineering increased 
until 1982 and then decreased slightly. The percentage of top-scorinq 

r!I!*;SL''I*'"'^"^ !° Tf^^"" ^" ^^^^^^ «lso increased until 1982 
and then decreased slightly. A similar pattern was observed for 



Unfortunately for many students, their failure to study 
JI^J-^J^?*\'^5^?'?'*!^^ seriously limits their options to major 
in technical fields in college. Whitley (February, 1987) studied 
/45 freshmen at Arizona State University and observed that 45 
percent of students majoring in scientific or technical fields 
rrlJl 5jy<'^e;,*'^<9onometry or fourth-year high school mathematics. 
Consequently, the majority of these students made very significant 
changes in their majors during their first year in college or 
dropped out of school. * 

In an additional report. Whitley (April. 1987) noted that 
63 percent of the students made significant changes in their 
majors and 75 percent of these students dropped out of school. 
Mathematics grades provided a high index of frustration for many 
;*u H !; /^"^ universities provide opportunities for students 
with deficiencies to reenter the scientific, technical fields. 
Perhaps, such opportunities will be limited in future years. 



A study of the freshaeii at • Mjor university 
revealed that 45 percent of those intending 
to Hjor In scientific or technical fields 
did not have tHgonoaetry or fourth-year high 
school MtheMtlcs. A large proportion of 
those students changed Mjors or dropped out 
of college. 
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Predictors of Achievement . Landerman (December, 1987) studied 
attitudes and sex role orientations in predicting the mathematics 
a:hievements of college students, Johnson (September, 1987) focused 
upon the associations between testing strategies and performances 
in college algebra, Calhoun (October, 1987) investigated noncognitive 
variables in predicting performances of developmental mathematics 
students, and Goolsby and his colleagues (April, 1987) studied 
factors affecting mathematics achievements of high-risk college 
students. 

Landerman analyzed pre-enrollment assessments of mathematics 
aptitude and various psychosocial variables to predict mathematics 
achievement and college major choices of 1052 college students. 
Regression analyses showed that regardless of gender, mathematics 
aptitude contributed most to the prediction of mathematics achievement, 
and attitudes toward mathematics contributed most to tne prediction 
of college major choices. 

College teachers use tests in their classes as a routine 
procedure and probably realize that such tests cause problems 
for students. Johnson studied 168 college algebra students and 
found that classes given frequent weekly quizzes, regular chapter 
tests, and required homework did not perform better on a final 
course examination than students in classes which only had a mid- 
semester examination in addition to the final examination. Attrition 
rates and attitudes improved with more frequent testing and homework. 



Required iiowMorlc and frequent 
testing appeared to Improve 
retention of students In college 
algebra classes. 



Calhoun compared 164 students enrolled in developmental 
mathematics courses with 170 students enrolled In non-developmental 
courses. He found that attitudinal variables (parental attitudes 
toward mathematics, confidence in learning mathematics, perceptions 
of the usefulness of mathematics, motivation, and the teacher's 
attitude toward the student as a learner) were related significantly 
toward the performances of the developmental mathematics students. 
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tooUby and his colleagues studied students who wre h.«<.j 
admission to a large state universitv h.r«„« ;h.„J<!r » 
admission standard! but «r. uttt?"e"?ol ed ? a sL^f 

"mJ ??nS-"en™?fe« "ujen^ij^ Jega'rSS' ' 

the .nw »; »S "'^"9 students' course grades at 

ceJtat aJfe'cli e":.;?a;,2f^n?L'rlJ'"i ^o"' 



l2IrSiL^i^I!!«"** "wsures of confidence In 

P"*'^ to be the best pre- 

in a deveiopaentil algebra course. 



Studies of Word Problgmc 

and ?S c?"^^^?^ ^" "^^^"9 problems: (a) tactical decisions 
-iSid a^Si^hTaWlHi-^^^^^^ 
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strategic or metacognitlve decisions included selecting a schema, 
deciding the directions that the solution should take, and decidi 
what to salvage if the solution plan failed. 

Whitehead studied five students over a five day period and 
found a positive correlation between problem-solving test scores 
and scores of their use of metacognitive strategies determined 
during interviews with the students. 



Research showed that the use of Hetacognltlve 
strategies (selecting a scheaa, deciding 
directions for a solution plan, and deciding 
what to salvage fron a failed plan) of college 
algebra students was positively related to 
their scores on a problea-solvlng test of 
two-variable word probleas. 



Reed hypothesized a structure-mapping model for word problems. 
The model was essentially a mapping of concepts and relations of 
one problem and the concepts and relations of another problem. A 
mapping is isomorphic if all the concepts and relations of one 
problem can be mapped onto all the concepts and relations of 
another problem. He defined "transparency" as a measure of how 
well students can match corresponding elements of two problems. 

Reed conducted exoerimeiits with college students using four 
types of problems: (a) equivalent (same story, same solution 
procedure); (b) similar (same story, different solution procedure); 
and (c) isomorphic (different story, same solution procedure); 
and (d) unrelated (different story, differen. solution procedure). 

Reed concluded from his experiments that students performed 
much better on isomorphic than non-isomorphic problems. Furthermore, 
the measure of transparency of a problem was a reasonable predictor 
of the abilities of students to notice isomorphs in two problems. 
Reed felt that structure-mapping models provided a sound theory 
for studying problem-solving behaviors of college students. 

Gerlach rated word problems as X, Y, or Z according to increasing 

levels of difficulty. She then classified college students as novice 

(could only solve X), transitional (could solve X and Y), or expert 
(could solve X, Y, and Z). 

Studying the novices, transitional students, and experts, 
Gerlach found that a larger proportion of students whose majors 
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were engineering and who had studied computer science were exoerts 
compared to other students enrolled in a beginning computer science 

l^f ^''^^ less refined strateg y 

than the «ther groups. Experts would verify their answers in 
more mathematical ways than other students. 

hw m.?!]**'^!!?!*'^*^''?'"^ * problem-solving heuristic reconinended 
by many problem solvers. Novice problem solvers often fail to 
draw diagrams. Simon interviewed remedial college mathematics 
riJ^ML^S** J^? ^'^^^^^^O" *o d»-aw a diagram in solving 

JkHJIm i**?!!? understanding the mathematics of ^ 

the problem, (b) the diagram-drawing skills of the student. 

ini r^ri^J mathematics, (d) self-concept in mathematics, 

and (e) motivation to solve the problem. 

^^°I|!P^°" observed students of a community college as they solved 
^li^S;°JIf7?c^"*\"J"*''°^"*^*°''y *l9«'>'-« He noted tSJt ?he 

Ifif^J^J"^] ' '*"*'e"*^ « as their mathematical ski 111 

ZSd iJiJ'H'J °r ""1^ ^°l^e word problems! 5e a so 

i? !t J^h?ilS'"*' ' °^ correctly^olving problems 

JelaSe rM^^.^^"' presented with a diagram that the stGdent could 
relate to his or her own life. 

Studies of Errors 

prrnJ"«r!**^w"f^® research, most error studies addressed computational 
Jili lJ^^ students. Error studies at the college level dealt more 

thereelyes. Krol (February. 1987) studied difficulties related 

a^a?!«l"?„^!'^"*^*^"; ^^T^^y* ISa?) focused upon l?ror 

Jnli?5 i!" learning calculus. Neal (March. 1987) used errors to 
SSThJJ.! ?^i°""''Jl25? °^ coninunity college developmental students. 

?lJeh« JidJS;^^^''"'"^"'^ °^ *'«'-"^"9 intermedia?; 

?n2«r?«fJ 2 about common errors, and Williams (Spring. 1987) 
investigated the effects of intentional teacher errors on achievements 
of college remedial mathematics students. awtuevemenw 

a cupcniLDJi university calculus and precalculus students answer 
Sf^?^ i designed to determine their knowledge of properties 

SifJ?rS?;^c^J^ competencies in solving equations, and the 

difficulties they encountered in solving inequalities. 

in'prvJnllw^LI?*'*"*! ^^9^ "^'•^^ °" the questionnaire were 

K?;il S SI tV*^ *"«'"P*^ *° "1^« inequalities. 

Kroll found the difficulties associated with solving inequalities 

oflr^TJ'' ^'^'S ""^lel -nisin^S^Jreta? ons 

?L ""'•ly half of the errors 

could be attributed to misunderstandings of the equality model. He 
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recommended that equations and inequalities be studied together and 
with the same intensity for each topic. 



Geuther explored the nature of student difficulties in a first 
semester college calculus course. She collected achievement data 
and the results of a reflection attitude scale administered to 
all students. Her goal was to design grader materials that could 
be used by graders to diagnose student difficulties. The grader 
materials did appear to be useful in improving the diagnosis 
of student difficulties. 

Neal collected lists of common errors found in the solution 
Of linear equations by community college developmental mathematics 
students. One group of intermediate algebra students was taught 
in such a way that these common errors were emphasized and discussed, 
This group was compared with a control group which didn't hear 
the error emphases. The groups did not differ on a posttest given 
immediately following treatment, but the experimental group out- 
performed the control group on a delayed posttest. 

4A 4.12/^^1?^^*'' "^^"^ °^ experiment to the Neal study. Moldavan 
Identified 16 common errors made by intermediate algebra students. 
The errors fell into three categories: (a) errors due to defective 
algorithms, (b) errors due to incomplete algorithms, and (c) 
mechanical errors. Moldavan taught one class in which discussions 
Of the errors were given, and he taught another class without such 
an emphasis. Unfortunately, no differences could be found between 
the performances of the classes, after the instructional phase 
..as completed. *^ 

Williams taught two classes of remedial mathematics students 
In a two-year post high school technical program by two methods: 
(a) an errant-lecture method, and (b) the regular-lecture method. 

In the Errant Lecture Group. Williams told the students that 
he would commit at least five errors during each class session. 
The students were requested to raise their hands if they detected 
an error being made. When an error was found, the error and the 
student s correction were compared. Consequently, the students 
were exposed to an example and also a non-example. If the error 
was not detected by the students, the teacher would pause and 
uhen correct the error himself. Using this procedure. Williams 
covered materials on factoring and fractions, linear and quadratic 
equations, graphs of trigonometric functions, exponents, radicals, 
complex numbers, exponential functions, logarithmic functions, 
ratio, and proportion. 

When the Errant Lecture Group was compared to the Regular 
Lecture Group on examinations over courses content, no significant 
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differences were found between the two groups; however, the students 
Of the Errant Lecture Group claimed to be more attentive in class 
than the non-error class. 



Purposely coMlttIng teacher errors In class 
that could be correcte<« by students of a 
iwdlal ntheMtlcs group did not Inprove 
Its achlevemit over a group in Mhlch the 
teacher did not conrit such errors. HoNever, 
students of the error class were aore attentive 
than students In the non-error class I 



Remediat ion of Mathematical Difficulties 

. ^J!V1^ colleges, particularly two-year institutions, offer 
remedial or developmental mathematics courses, that is. mathe- 
Uil^'tSSoP!? are designed to correct deficiencies of incoming 
high school students. One may question whether or not this is a 
ElilfSr.? 3 a higher education institution; nevertheless, such 

flI5J^l ifn! JST"**^ mathematics courses appear to be permanent 
nxtures in many two-year colleges. 

°^ '^search on remediation of mathematical 
difficulties will be viewed from two points of interest; (a) 
variations in courses that have been researched to improve the 
functions of such courses; and (b) studies of students electing 
developmental courses. ^ 

Variations in Remedial Courses. Researchers have looked 
at variations that may be made in remedial courses in hopes of 
JKI !I?e*5*^'' effectiveness. Goldberg (June. 1987) compared a 

^I'^f^^^Kx ? Gagn^Briggs design with a traditional course. 
cSlM investigated a course built upon multiplicative 

structure. Krinsky (September. 1987) experimented with self-paced 
? ^"s*»'"cto»'-paced courses, and Brown (March. 1987) studied 
tne t unctions of i basic algebra course at a major university. 

,Goldberg designed a remedial college algebra course on the 
Gagne-Briggs theories. The special course was designed to develop 
students abilities to categorize problem types and to associate 
these problem types through verbal cues with methods of- solution 
I5Sr?^?SI?!JM?!''* categorized by special factors, terms, and other 
r«;!rl! 1 ^^""''^ P^^^ise labels which could 

oe associated with the special characteristics. These were tied 
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to notes, solution flowcharts and computer-generated steps of the 
algorithms used 1n the solutions to the problems. 

The course activities utilizing the special design featured 
In-class problem solving, self-grading, and discussions to provide 
inmediate student feedback. When the students of the special 
course were compared with student's of a traditional course on 
pre- and posttests of achievement, no differences could be found. 
The students seemed receptive and enthusiastic about the special 
course. In spite of Its apparent lack of effectiveness when compared 
to tradltlo-al Instruction. 

Koch designed a course for college remedial mathematics around 
the concept of multiplicative structure, that Is, a course In which 
the topics of multiplication, division, fractions, rational numbers, 
and functions were taught as an Integrated unit. Koch designed a 
second course In which thesa topics were taughi sequentially. When 
the results of the two courses were compared following the teaching 
of each to 53 students, no significant differences could be found 
In achievement measures. Correlational stud'es suggested that the 
students of the multiplicative structure course were better able to 
perceive relationships between rational number skills and proportional 
reasoning. 

Krinsky compared a f^lf-paced remedial mathematics course 
with an 'nstructor-paced course that enrolled 485 students; 85 
percent took the self-paced course and 15 percent took the regular 
lecture sessions. Krinsky found that the completion rates for 
the traditional lecture courses were greater than the rates for 
the self-paced courses. No differences could be found between 
the twc groups In mathematics courses studied at later times. 

At a major university, -«ter1ng students who failed to achieve 
a cut-off score on a placen..... test were required to study a 
basic algebra course. It was found through a study by Brown that 
the special course did help students Increase their knowledge of 
algebra but that the course did not adequately prepare students 
for subsequent mathematics courses. 

Students o f Remedial Courses . Bassarear (January, 1987) 
investiaated attitudes of college remedial mathematics students, 
Dinnel (May, 1987) studied differences between competent and 
less competent students. Porter (September, 1987) focused upon 
the achievements of remedial mathematics students, and de la Rocha 
(May, 1987) provided an ethnographic stud) of arithmetic in the 
everyday life of students. 

Bass»?rear measured mathematical abilities, performances, and 
attitudes of students in a college remedial course. Questionnaires 
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were given in September and December, and 16 students doing very 
poorly were interviewed. Bassarear concluded that: (a) abilities 
and predicted arades provided the best predictors of success in 
the course; (b) ability was a stronger predictor for males than 
females, whereas, attitudes were a stronger predictor for females 
than males; (c) all students showed greater confidence in December 
than September; and (d) beliefs about mathematics did not change 
for any students. 

Dinnel identified 32 competent mathematics students (scored 
in the highest quarter of the ACT Mathematics Examination) and 
31 less comoetent students (scored in the lowest quarter of the ACT 
examination). The 63 students were given three cognitive pk'ocessing 
tasks. DinnAl attributed differences between the competent and less 
competent students to abilities to access the external environment, 
to construct appropriate problem representations, and to plan solution 
strategies. 

Porter identified 202 beginning university students who 
scored ten or eleven on the ACT Mathematics Examination and were 
required to study a developmental course before enrolling in 
college algebra, and 482 students who scored 12 or 13 on the ACT 
test and could enroll directly in college algebra. In analyzing 
the successes that these students experienced in the college 
algebra course. Porter found that the developmental course resulted • 
in higher grades for its students, perhaps, providing Justification 
for offering developmental studies. 

Olivia de la Rocha conducted an ethnographic study of ten women 
associated with the adult Mathematics Project in California. She 
was interested in studying problem solving in every-day situations 
and chose dieting as an appropriate activity to study. Her findings 
suggested that conventional problem-solving techniques were inadequate 
to cope with the problem- solving required in the dieting activity. 

Computers 

The computer entered college mathematics instruction with a 
riurry of activity. Research related to computers can be partitioned 
into three sets: (a) studies dealing with computer use and student 
achievements, (b) studies that have varied the use of the computer 
in instruction, and (c) studies of programming and learning. 

Computer Use a nd Student Achievement . Reid (February, 1987) 
compared three methjos, including computer-assisted instruction, 
for teaching adult mathematics courses, Navarro (February, 1987) 
experimented with modes of guidance in computer-assisted instruction, 
mtchell (August, 1987) did a meta-analysis of computer use and 
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student achievement, Gronberg (November, 1987) studied student 
achievement in solving systems of linear equations by computer, 
Meitler (July, 1987) also experimented with computer programs to 
learn solving of systems of equations, Isaacson (November, 1987) 
investigated the relationships between high school mathematics 
performance and success in college computer science courses, and 
Ganguli (February, 1987) studied the use of microcotr -iters in 
college intermediate algebra college courses. 

Reid compared three methods for teaching mathematics to adult 
basic education students and General Educational Development students. 
The three methods were: (a) computer-assisted instr>«ction using 
the PLATO system, (b) a tutorial method, and (c) a traditional 
teaching approacri. No significant differences were found in the 
achievements of the three groups. 

Navarro found, after an experiment with 30 college students, 
that they obtained higher achievement scores if they were able 
to use their preferred mode of guidance (student-guided or system- 
guidjd) in computer-assisted instructioii on solving quadratic 
equations. In the student-guided mode, the subjects were able 
to move through the coursework by entering appropriate single 
letter commands, and they were free to choose computer graphics. 
Under the system-guided mode, the coursework prompted the students 
and guided them through the materials. 

MitcheM conducted a meta-analysis of studies of innovative 
Instructional methods utilized in lower division college mathematics 
courses. As is standard in meta-analytic studies, Mitchell examined 
and analyzed effect sizes for each study. Her analysis revealed that: 
(a) the ranks of methods in order of decreasing effectiveness were: 
tutoring, computer-assisted instruction, audio-tutorial inrtruction, 
individualized instruction, programmed instruction, laboratory and 
discovery methods, and television; (b) in terms of ability levels, 
the order of instructional modes were computer-assisted instruction 
and laboratory for high-ability students; computer-assisted instruction, 
individualized instruction, and programmed instruction for middle- 
ability students; and programmed instruction and audio-tutorial 
instruction for low-ability students. 

Gronberg (November, 1987) tested three methods of instruction 
with college mathematics students: (a) traditional classroom 
instruction, (b) a computer program as an adjunct computer-assisted 
instructional method, and (c) the computer program as the primary 
instructional method. Twenty-three students were matched on the 
basis of current grades and assigned to each of the three groups. 
Three class hours were devoted to the experiment. Gronberg reported 
that the study supported the use of the computer in an adjunct 
instructional role. 
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fh« .JSI^"" ItV^ "° significant differences in 

the achievements of 327 students who were each taught by one 

student to think of the next elementary row operation in the 

Jh ch'^^TiMr^Sl 'IT' T**^°"^' « ™? program 
mnu lllTi \^%f*"<^e"V° " operation frJm I 

Sf eiuj;?ois. P*P«^-«"d-P«"c^l -nethod of solving the system 

thp fJr!rf«1^5"* questionnaires to students who had completed 
?n Co o?ado aTd"^!;nJ5l'""M"r!'' <^°""""^ty colleges 

between J£ JSJh^JS; determined Spearman rank correlations 

Detween the mathematics courses completed in hi ah school and 

i?apS?r?? ^''i^ °^ "^9h school AlgebrS Int 

^lll^ ^J\^'"'^^^ "^^^ significantly Correlated at the teS percent 
level of significance. If the top three grades (A. B or C? 
were grouped and the remaining grades alsfgroSped then qeometrv 
and algebra II grades were significantly co?relSted. ^ ^ 

comput^^^^^^^ 

a gebra course Two section? of stuSentrre J?JeJ inStrSctfSS i t5 
5 t? t?Sn"^"?;r ;L;?tJ'V?J '^l receives traSuLJ 

g?ou5 Sch?S;ed Sfalpr Ji.n°rh*^' 'i"^? '•"""^^^^ experimental 

the us^o^lp!!h.^^^w^^°T??^! • ^^y* i^a?) studied 

xne use of feedback oy low-ability college students in an intro 

eX^7;J'c%™.l°""'' K"' (SepUer.^9l7 focusIS Jo "t'hT 
effects of computer graphics on achievements in colleae alaebra 

^^f^Milff '"*r^' ""^-'^d """""^l skilU aSS compu?]? algebra 
manipulations in calculus. Kiser (November. 1987) investiaated 

whether or not computer visualization expeHences wSulS ficnftate 
?SJ IL'^m"*'/"^ Ritschdorff (March. 1987) developed some approJJhes 
for machine learning fn mathematics education. approaches 

h«*nw^5ll;"'^^ f*"**^®? low-ability college students taking a computer- 
based introductory algebra course. The students were Dermitt«H tn 

mill ^^''l ^y^' °^ ^««<«>«<^'^ afler each JSestion J"?2e 

5ns2er and*L"°/'Sj'^*S'^' V. '"'"^^''^ providinVIhe correct 
J? hoi'tJ deteL^rJhf"" ^°"*«^"iC9 the answer and an explanation 

Se^STectd^tbTt^'Jomj:"?:- '''''''' 
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Many students chose the same kind of feedback and individual 
quest. ons. There were wide variations among the students following 
Incorrect answers. Students who had chosen high Information feedback 
more frequently than othe.-s had also shown significantly greater 
achievement In the course. 

Kent tested two computer uses with 140 students studying 
college algebra at a liberal arts college. In both methods, 
the microcomputer was used In class as a teacher utility and 
In labs as a student utility. One group was exposed to lessons 
designed to guide students In the use of the computer and Its 
graphic capabilities, and the other group used the microcomputer 
without the lessons. A slight difference was found In favor 
of the group that used the lessons. 

Hawker found no significant differences In achievement between 
a group In which four calculus skills usually done manually were 
replaced by a computer algebra system and a group who did the 
manual manipulations. The experiment was limited to five homework 
assignments In a business calculus course. 

Kiser experimented with two algebra classes at a Florida 
university. In one group the students received a highly visual 
computer treatment of linear programming for two weeks, and In 
the other group an overhead projector was used with the chalkboaiJ 
to provide the most effective visual presentation without a computer. 

Kiser found that students In the computer-enhanced Instruction 
group did significantly better than students of the overhead projector 
group. Students of high spatial abilities did better In the computer- 
enhanced group than the traditional group. 

Ritschdorff studied the possible applications and implications 
of research In machine learning to mathematics education. Similarities 
of machine learning to some aspects of mathematics education, particularly 
hierarchlal ordering, specified preconditions, plausible reasoning, and 
the use of heurlsti-rs, were emphasized by Ritschdorff. 

Computer Programming . Levin (October, 1987) Investigated the 
relationships between method of teaching computer programming and 
improvement in problem-solving skills. Adner (January, 1987) studied 
an algebraic versus a programming approach In mathematical modeling. 

Levin sought to determine If problem- solving skills of non- 
mathematical ly sophisticated college students were enhanced by 
learning to program In the BASIC Computer Language. Levin used 
two groups of tudents In the study. Both received the same 
Instruction In BASIC syntax and decomposition of problems Into 




simpler problems. One group, the maximal guidance group, was 
required to submit a problem description and algorithm for each 

SocSlnnn^^.^^rS' ^" * P^°9''«'" "^*<"9 with internal 

J«f °" Levin found improvement in problem-solving skills 

I^^«^JJ!?T *f«* students with low begi:7ning skills received 
more benefit from maximal guidance than the traditional guidance. 

w<^h i?S5r the mathematical modeling performance of students 

SlJi J mathematical preparation levels. College students 

were divided into three groups according to their mathematical 

jnEJL'iJ^"?' ■«*''e'«"<^«l abilities (l?w. medi J. mSSk In" 
mathematical and progranming backgrounds. 

* ^/he students worked problems of three types: (a) those amenable 
Socl'!SlJ'!:'^?"2" *° mathemJtical IJiboflsm? (S)"""^' 

Jinn?.f '^""Ji;?*' « -working backwards" technique, and (c those 
r™2,^JS'^^ S'*:'*'9y for solution. Two ^thods of solution 
IJJJinrJ JliS?; ^onwlating an algebraic equation and (b) 

7^ iJ^Siln P'^^''';: Relatively few differences were found 

in problem -olving among the various groupings of students except 

JJjlHn'«3hP'°t"".'^'^'' differen?es Serl found in gfoupj of 

2II^nrIJft!"J5!r""^ preparation. Again, research selmed to 

Jn^J^ir!!!^^ ^^"^ differences due to variations 

in programming. 



Research at the college lewl as well as 
research at pre-college levels deMmstrated 
that the ccMputer 1$ a useful Instructional 
tool . but that one cannot expect vast l^irove- 
■ents In achleveaent because the coaputer is 
used. It seoK dear froa research that we 
should accept computers as very useful tools 
but not as a panacea for the Ills of aathe- 
Kktlcs Instruction. 



Mathematic al Anxiety and Sex Differences 

l») ^tttlWr^^ ^" ^fi^ee perspectives: 

(c) ™x SmlferlcJs^ ^ treatment of mathematical JnxiSty. and 

^..yhematical Anxiety. Hunsley (December, 1987) designed 
a study to determine the relations between test anxiety and math 
anxiety. He measured test anxiety with the Debilitating Anxiety 
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Scale of the Anxiety Achievement Test, and he measured math anxiety 
with the Mathematics Anxiety Rating Scale (MARS). The subjects 
of the study were 96 students in an undergraduate psychology 
course in a Canadian university. These students completed the 
test and math anxiety scales shortly after the beginning of the 
course. They also completed questionnaires designed to assess 
their anxieties, appraisals, and performance attributions before 
and after each of five examination-;. 

Hunsley found that math anxiety and test anxiety were signif- 
icantly correlated. He also found that before examinations, students 
scoring high on test anxiety were more anxious, expected lower grades, 
and felt less well prepared than those scoring low. Elevated levels 
of math anxiety were associated with higher ratings of the importance 
of examinations. It appeared that scoring well on the test was very 
imporUnt to math anxious students. Surprisingly, importance of 
the examination to the student was not related to test anxiety 
Some of the cognitive processes involved in math anxiety differed 
qualitatively from those found in test anxiety. 



Although test anxiety aid aath anxiety Me.« 
significantly correlated for college students, 
there were qualiutlve, cognitive differences 
betwen the tm kinds of anxiety. 



Hinkle (January, 1987) tested 75 students, 27 males and 48 
females, on a series of personality, learning style, and math 
anxiety scales. She found thac math anxiety was positively 
correlated with reflective observation and negatively correlated 
with concrete experiences. Math anxiety was also correlated with 
introversion and feeling. She found no sex differences in math 
anxiety. Hinkle recommended that mathematically anxious students 
should be taught by a "feeling" teacher. 

Preston (January, 1987) investigated the prevalence of intensity 
of math anxiety in college students by sex and major, measured the 
stability of math anxiety over time, and studied its occurrence 
related to the backgrounds and experiences of students. There were 
. 173 college students involved in the study. 

Preston found that math anxiety was related to college majors, 
with technical students being somewhat less anxious; however, math 
anxiety showed little relationships to performance in mathematics. 
Math anxiety had a moderate relationship to mathematics background. 
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achievement, and avoidance of mathematics. It was found that the 
greater a student's level of math anxiety, the lower was his or 
her self-rating of mathematical ability. 

Treatment of Mathemat ical Anxiety . Foley ( February, 1987) 
described a math anxiety reduction workshop, Segeler (April, 1987) 

2n'?^i"?s^?oh:^'^^^;r"''°"*i '"^^^^^^ *° ^^^'^ math'anxieiy!^ 

t^ lLi^lT/LilV^ intervention methods to reduce 

:? i !^ f college students, and Lipsett (January, 1987) 

nlt^uT. "»thods for reducing'anxiety in remedial 

mathematics college students. 

Foley described a special summer workshop at a major university 
iluZt ^/t'^T ^'"^^fty. One hundred thirty eigCt Sf lSo ^ 
^^^pjj ^!^?h*°?^^™*''*'~*^^* placement test scored less than 
rSJhJn ^^"'^^''^^ ^'ere invited to attend 

Jn^M J?tpMfH^'"?h*°«?^"" 75 chose not to attend 

strSn"Si?SjL'iicr^^^^ ^^'^ the Fennema- 

ro..«!"^^?2 J''® ^i]'' t''® students enrolled in a basic mathematics 

SJuctlS^il ?n!^"^*'" ^V^r"^ examinations 
constructed by the instructors of the courses. A greater percentage 

cLS::fc^°PM'*"^*"i'."'""^ °' B grades than did non-workshSp 

iJf'-nSShr'''''''?? greater rates of attrition 

tnan the workshop participants. 

Tho«^?!Jni; IVl^'^ tu^^y ]*!*^ ^^9*'*^® students for math anxiety, 
ihose having high math anxiety scores were invited to participate 

t^JnJJ"'!?!*!*"* °^ * ten-week transactional analysis 

.n3 JiSi!J''5'''!P\ J5? ^^V***"*? "^^^ ^^^^^^ ^o^- n»th anxiety 
and completed attributional style questionnaires before and after 
the ten weeks of training. 

Segeler found that the training group showed improvement on 
in%hf*i® des gned to measure the usefulness of mathematics and 
Sic J scale of all mathematics attitudes. Overall, it 

»nl inlLl^ll JJ* frX^r?? ^'l*' attitudes toward mathematics 

wefil? likelihood that participants would find mathematics 

AttitS5S*?L^;Sv**' ^ ^" Sandman's Mathematics 

li^Hn ?oiiy«: ? i^^ an electromyograph which measured skeletal 
muscle tension. Two interventions were compared: (a) coanitive 

?hrr"S5"'l"^ i^^l progressive relaxation (MPR). 

The subjects of the study were 62 females enrolled in a private 
iiDeral arts college for women. Gentry found that CR led to 
Significantly greater reductions in skeletal muscle tension than 
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MPR training. It was also ff^und that CR was superior to MPR for 
students at advanced levels In mathematics. 



Lipsett Investigated the Interactions between two methods 
of Instruction (experiencing mathematics or direct expository) 
and two levels of mathematics anxiety (high or low). The subjects 
of the study were 160 students enrolled in a Puerto Rican university. 
Lipsett found no significant interactions between the treatment 
conditions and the anxiety levels. Lipsett concluded that either 
of the two instructional interventions could be used to Improve 
the achievements of remedial mathematics college students. 



Special Mth anxiety Morkshops, transactional 
analysis training sessions, cognitive restruc- 
tuHng techniques, Modified progressive relax- 
ation Bethods, and Instructional Intervention 
■ethods have been used to reduce the aath anxiety 
of college students. 



Sex Differences. Mura (January, 1987) reported on sex-related 
differences in the expectations of success in undergraduate mathematics, 
Ferrini-Mundy (March, 1987) d1scuss<id sex differences in achievements 
and visualization abilities of calculus students, and Elliott (March, 
1987) studied traditional and nontraditional female and male college 
students. 

Mura sent questionnaires to 1270 undergraduates majoring 
in mathenatics or related fields in five Canadian universities. 
They were asked to predict their final grades in undergraduate 
courses. It was found that 51 percent of the women and 61 percent 
of the men overestimated their grades, 26 percent of the men and 
26 percent of the women estimated their grades correctly, and 23 
percent of the women and 13 percent of the men underestimated 
grades. These figures were statistically significant. Among 
mathematics majors, the percentages of overestimation, correct 
estimation, and underestimation were 57, 21, and 21, respectively. 

No sex-related differences were reported in the confidence 
of students to complete their bachelor's degrees. However, women 
expressed less confidence than men in obtaining a Ph.D. degree. 
This was true of women specializing in mathematics as well as 
women in other fields. Fewer women than men expressed an interest 
in continuing to doctoral studies. When the levels of confidence 
were controlled, a smaller proportion of women than men expressed 
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?Jf? n ° ^" doctoral studies. Mura felt that a higher 

iJuSLf ^S?"^^*'®"*^^*'" necessary for women to engage in doctoral 

I "^-ged further study to explHin the cuUura 
academic, and social .nechaai sms at operation in these situations 



A surv^ of five Canadian universities revealed 
thatKn tended to overestlMte their grades In 
!II5^JJ? ■ greater extent than wwn. were 

IJJ^I]^"' *® continue Into Ph.D. studies In 
U^SI? **** confident than Moaen 

in their abilities to conplete doctoral Mork 



''e»'«;i;1-Mundy selected a random sample of 334 students (167 
men and 167 women) from 1054 students preregistered for a first- 
llTll^: ^" • "'^^'^^zed university ElSttJ-fiuTif 

fn oSeTtJo*1nlt? "I"'?'? ''"^ so^hat 1S5^artfc?pated 

! ? J ^ spatial training sessions or a control groub Analyses 

v?sS ?za;?onTb?mlf '^J' "P"" '''''''' achievlmeHf'spJt 
faJor oJ iiSSn 511 significant differences in 

favor Of women for calculus achievement, and significant differences 
iiu'^Xr/^ n spatial visualization measures. Ferrin -S 

^?la^e^^^?e^^^^;L'^^^^ ""^^ "^^''^ -^-^^ 

ucpf.nillc" """^ attribution, confidence, perceived 

co?[eJn?ud«!!J."''ihrr and nontradiiional 

college students. The examinees were enrolled in their first 

S? i^?n.""'f?""'''J ^^"^""^ Of the Stivers ty 
of Maine. It was found that the affective variables were better 

trad H^'i^r.'^'''!""'^"^ achievement for nontrad??iSSa? than 
JrJ2 hSJ! achievements of traditional and non- 

Jr?JiJlj;f] students w»,re equally high, and there were greater 
2iJ2ln ^i***®" traditional and nontraditional studlnts than 
between men and women on the same affective measures 



SUMMARY 



rnuJnl JIl!! ^^J!** section, we have discussed research related to 
college instruction in nine major categories: prominent teachers 

S?ediinr5nu.2"r ' *° 'A^^^^^ ^'thoJ^and ?ea?ni"g, 

fl^w ! °^ °^^®9« mathematics, studies of word problems, 

studies of errors, remediation of mathematical difficulties. comDute?s 
and mathematical anxiety and sex differences. computers. 
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A group of studies examined factors related to the achievement/ 
motivation factors in Individuals judged as successful mathematicians 
or teachers of mathematics. Prominent researchers were outstanding 
students of mathematics from early In their careers. Their parents 
were supportive and prized academic success. Prominent teachers 
were well organized In their classroom presentations and encouraaed 
Interactions among students. 

Comparisons of formal presentations of calculus with less 
formal methods didn't seem to reveal great advantage for either 
approach. In studying students attempting to write proofs. Hart 
found that the success of students was closely related to the 
stability of their understandings of the concepts of the subject. 
Hart observed that there were not merely novices and experts 
but rather many gradations between the two extremes. 

Gonzales found positive effects for diagram-drawing as a 
heuristic In problem solving. Burton found that essay writing had 
positive effects in the college mathematics classroom, especially 
lu ! retention of mathematical Ideas. Ehlers observed 

that 21 and over" students demonstrated higher achievements In 
college algebra than the "under 21" age group. Perhaps, the added 
maturity of the older students and their more definite vocational 
goals 1nfluenc3d this difference. 

Students are still arriving at Institutions of higher education 
poorly prepared to cope with the studies necessary for technical 
careers. Whitley found that 45 percent of students Intending to 
major In scientific or technical fields came to college studies 
Without having studied trigonometry or a fourth year of mathematics 
in high school. Whitley also found that 63 percent of these students 
made significant changes In their majors after beginning their programs. 

Word problems appear to cause as much difficulty for college 
students as for high school students. Drawing diagrams was found 
to be a useful heuristic for students, but novice problem solvers 
often failed to draw such diagrams. Furthermore. It was also found 
that students could better solve problems which were presented with 
diagrams than those that did not have diagrams. 

One group of remedial mathematics students was taught in such 
a way that the Instructor purposely made errors in class that were 
to be detected by the students. When the achievements of these 
students were compared with a class taught the traditional way. 
no differences could be found. The students in the errant class 
were more attentive than the traditional group. 

Remedial or developmental courses are common in two-year 
institutions. These courses are usually designed to provide 
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for deficiencies of students before they begin other programs. 
Self-paced Instruction has frequently been compared with lecture 
methods. No clear-cut evidence was found to support either method. 

Computers have become popular In college instruction. Numerous 
studies were done wh.ch compared computer-assisted instruction with 
traditional classroom instruction. As in pre-college research, the 

S^S "^"^ •"I^'^J: ^'^^^^^^ * '^^''-'^^ ^^''"t^ge for eithSJ approach. 
nJnilfLf *° determine if experiences in computer'^'^ 
programming would have beneficial side effects, such as, improved 
problem-solving capabilities of students. Unfortunateli, results 

tms research is that computers are powerful tools to enhance 

?«Jn!^n'"«^:'!li'*^°?: ^'^ll "Ot insu^-e miraculous 

llTAil outcomes. It seemed clear that future research should 

JJffilJ JJ.; ^^l^'' ^^y^ "^^H" computers 

rather than to dwell upon beneficial side effects. 

correSJIS"?l!^^?M3?il*J^ J"** ^S^^^^^^ be significantly 

correlated in studies by Hunsley. However, there were affective and 
cognitive factors that Indicated the two kinds of Slnliety were Sot 
the same. It appeared that math anxiety was reUted to choice of 

teJhnicaritSdeilts!' '''^"^ 

r«rf,.rIrnJ*lIIJ!!fc2! "»tHemat1cal anxiety has consisted of math anxiety 
fltlVtl ^^fl^shops, suiBiier anxiety workshops, workshops involving 

IhJ'JlJ;!^ analysis, and special instructional methSds. None 
SowiJft! !i! Pr°^®i superior to any other, and all approaches enjoyed 

S fnc^L*;;!!:*' tt '"'5'"- "^"•^^^ "^9«^ ^^^^ care should be S ken 
"1 that math anxious students are taught by a sympathetic. 

trlll^S rri.s»: '''' P--^^- ™^ ^ thfLt effective 

fn. ^J^^^«»'e"ces were found between males and females. Mura found, 
for example, that men overestimated their grades to a greater extent 
than women. Women tended to express less Confidence iS "iSJniJg 
5i^^S[JjJn!^'J°'' example, the Ph.D. degree, than men. Men tended 
to outperform women in spatial visualization, and women outperformed 

J5Jm Jh«r*!l"."PS' achievement. It seemed ?lear 
from these research efforts that differences between college men 

?S wlS?S;.*'5!;*'^"lLf question that remained elusive 

' «w ^'^r^^fc" are Inherent or are the products of 

ri«Jl-Mi SmI*"''] hypothesis seems more 

reasonable but needs greater research efforts to justify its 
validity. ^ iv* 
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VI. RESEARCH SUItMRIES 



Five tyoes of research summaries will be reviewed in this 
section: (a) a comprehensive research listing, (b) Investigat ions 
in Mathematics Education (IME), (c) topical narrative reviews, (d) 
single topic reviews for practitioners, and (e) meta-analytic and 
best-evidence syntheses. 

The comprehensive research listing is published each July in 
the Journal for Research in Mathematics Education . This massive 
compilation of research articles, dissertations, and sunmaries 
provides the mathematics education community an invaluable record 
of research completed each year, and it also provides the novice 
and experienced researcher a convenient starting point for research 
efforts. 

Topical reviews, as the name implies, collect the research 
results related to a specific topic. Single topic reviews for 
practitioners is an effort of the National Council of Teachers 
of Mathematics through its journal, the Arithmetic Teacher . 
Each review dealt with a single topic and related research to 
useful ideas for school practitioners. 

Meta-analytic and best-evidence syntheses represent efforts 
to introduce statistical rigor into the review process. Such 
reviews focus upon specific topics and statistically sum the 
results of many studies. 

Comprehensive Research Listino 

1. ..^"^y®*'' ^"y***" 1987) has complied an extensive 

listing of research in mathematics education for the previous 
calendar year. The seventeenth annual listing published in 

y:J^??' co"**^"®*' 27 research summaries. 210 research articles, 
and 392 dissertations listed alphabetically by author for research 
reported during 1986 for preschool throunh postsecondary school 
levels. Suydam searched 63 English-written journals varying from 
,r', ^ '"g'^apy through Vocational Aspect of Educat ion for the 
19B7 report. ^ ■ 

Suydam also provided short annotations for any reports in the 
listing which were especially relevant to mathematics education in 
North America. The separate listings of summaries, articles, and 
dissertations are followed by the names of the journals which were 
searched and an extensive index. The index is designed to assist 
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those readers who wish to locate references by a particular mathe- 

« bJ°!.!5;n.^lI I"***"*' are listed under mathematical 

topics by author and under separate headings for articles and disser- 
tat.ons. The index does not include all reported studies nor is 
exhaustive for a particular mathematical topic. There were 18 
i?th"teSt*!!nal?sis!"*'*'* beginning with "achievement" and ending 

comprehensive listing provides not only an invaluable 
record of research reported each year, but it also provides a 
most convenient beginning point for the experienced or novice 
researcher interested in mathematics education. 

Investiga tions in Mathematics Education 

Investigations in Ma thematics Educa tion (nc) is a ouartpplv 
publication oi^ the S MkAl Intonr^t^on Referenc e Center Jith Jjf 
EnJrro'n^nSa?^^!:' 5^'' Clearinghouse for ScenclrSatJliat and 
5o?il2 M .h?^'f ?^ University. Columbus. Ohio. 

«nJ published as Winter. Spring. Suniier, 

Jm^.; u 1987. under the editorship of MarilynT^ 

Suydam (Winter. Spring. Summer. Fall. 1987). "^ri lyn n. 

Each issue of IME contains about ten to twelve critical reviews 
of research reports that appeared in current publications Th^ 
I?oun;%r^"'? '5?°'*" ^" mathematics education are Organized 
JIS Sirr "»^",f"?^"9S= Purpose. Rationale. Research Deiign 
and Procedures. Finding, and Interpretations. A final section 
Of each review. Abstractor's Comments, provides the reviewer an 

?tTstreiJths° a^r?;* cha?ac?eri Jics. 

us strengths, and its shortcomings. 

educatJoU lllaLrt f nonannotated listing of mathematics 

education research studies reported in Journals as indexed bv Current 

!:f'^^HnrT^^^"/!!"^'■'J"" °' « ^^P^^t^*' ^" Resources "nfapgiTon . 
;:^'icc;yf ?iVK2Sa!i."' ED numbers, respectively, for 

reseaJ?^ef;r^^^^^^^^ 

"1^^ evaluations of those studies by scholars in 
the field of mathematics education. 

Topical Narrative Reviews 

In this section, we shall consider topical reviews from three 
perspectives: (a) teaching, learning, and cooperative leTninJ! 
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(b) skin learning, fractions, and mathemaical creativity; and 

(c) sunmer programs in mathematics instruction. 

J^'*^^^"^' Learnin g, and Cooperative Learning . Weaver (January, 
1987) summarized briefly what research said about the learning of 
mathematics, Slavin (September, 1987) discussed behavioral and 

perspectives on cooperative learning, and Slavin (October. 
1987) described a reconciliation of developmental and motivational 
perspectives on cooperative learning. 

Weaver pointed out the confusion that exists among such 
terms as "curriculum," 'Mnstruction/ "teaching," and "learn g" 
Of mathematics. In this report. Weaver focused upon the learning 
Of mathematics and not upon research in teaching and instruction. 
He began by noting the* Piaget's theory is a theory of intellectual 
development and not a theory of learning, teaching, instruction, 
or curriculum. Weaver furth observed that research evidence 
suggests that the popular Piagetian tasks (e.g., conservation) are 
not useful readiness measures to identify rh'idren able to benefit 
from mathematics instruction. Research eviaence indicated that 
some children who fail Piageti-n tasks can and do learn mathemat- 
ical concepts and skills hypothesized to require success on those 
Piagetian tasks. 

Weaver also noted that information-processing theory replaced 
n getian theory as a broad explanatory model of cognitive development. 
Furthermore, information processing theory is often related to computer 
terms as a model for the mind. 

Slavin (Septembv/-, 1987) discussed behavioral and humanistic 
perspectives on cooperative learning by reviewing cooperative 
learning research that occurred in mathematical and other classrooms. 
In the behavioral viewpoint, cooperative learning rewards students 
on the basis of group achievements. The humanistic viewpoint 
focuses upon learnings that occur because of interactions of the 
members of the group with one another. 

Slavin partitioned 55 studies into two groups: (a) 35 
studies that based group r.-wards upon the sum of the individual 
learning of the members of the group, and (b) 20 studies that 
did not base rewards upon the sum of members' learniny. in both 
sets ot studies, ccoparative learning methods were compared with 
control classes of conventional methods. In the first set of 35 
studies, 30 favored cooperative learning over the control classes; 
in the second set of 20 studies, only three favored cooperative 
learning and two favored the control classes. 
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Of 35 studies of cooperative learning 
In ntheMtlcs and other classes, 30 
studies favored cooperative learning 
In Mlilch the group ms nsMrded for 
the SM of Its aeabers' learning. 



Slavin (October. 1987) noted that research on cooperative 
iJinil^ i^^r^lr*®? theories.- (a) developmental theory. 

^^^^^y- Developmental theory holds that 
5*"<'ents working on a common task creates 
fiTrliiJ Tl^'!? ultimately lead to a higher quality 
;5 riil'; '^^^vatlonal theory holds cooperative learning leads 
T« ttl MJ ?^ group members to help and motivate one another, 
in the developmental viewpoint, grp'io rewards are unnecessary; 
nkfnjfw IC ?® w>tivat1onal theory, rewards are crucial. Slavin 
observed that more research on these two theories Is needed to 
resolve many unanswered questions. 

and Creativity. Ackerman (July. 
1987) exam^neo research on Individual differences In skill learnlnq 

^u?:? '^^^l ^"'"^"9 °^ ^y^' ^" addltlon.^Sia?" 

'^i """^ ^ scanning. The skills Involved tasks 

7l!S for solution, usually less than ten minutes per 

Item and often much faster. 

Ackerman recommended that future research on skill learnlna 
concentrate upon the distinctions between (a) subjects that 
commence and conc.ude skill-learning trials with superior perfor- 
rJH*"?;/ ihn'"^?;!' that begin and end with poor performances. 
tZJll * «»>^Hty profiles of those subjects that begin with 

and demonstrate remarkable Improvement. Ackerman 
suggested that an understandlrjg of the relationships between 
SK1M learning and Intelligence depends upon Investlgatl'^ns of 
these three types. 

^4**^"°?!/"*'.°*^"^ ^^^^ analyzed research relstfed to 

?lir5"ii^!J in learning fractions. They defined two problems 
that lead to difficulty In understanding fractions. First, since 

tlons Involve two numbers, their understanding requires the 
sli!j:,taneous understanding of two unrelated Ideas, and. second, 
the schools do not provide sufficient opportunities to deal with 
fractions In all appropriate settings. 
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Hope and Owens observed that children should learn how to 
partition continuous and discrete quantities before being introduced 
to fractions. Furthermore, they noted that researchers should 
address what work in fractions is actually needed in our calculator 
age. One possible solution is to concentrate upon decimal fractions 
and delay work on common fractions. 

Hope and Owens concluded that: 



"One of the nost well established facts 
In all ntheMtlcs education literature 
Is th^t performnce on fractions Is 
undesirably Iom." 

Hope and Onens. 1987, p. 37. 



Haylock (February, 1987) reviewed studies related to as5c:?ment 
of mathematical creativity in children. Haylock observed that 
the way children are taught and assessed in mathematics encourages 
children to think in narrow domains, rely on routine processes, 
and think convergently. He noted that in March, 1985, the ERIC 
database contained 4,732 articles and reports on creativity and 
oniy a handful of those were related to mathematics! 

Haylock reviewed studies on creativity and school mathematics; 
mental sets, overcoming fixation, and rigidity; divergent production 
in mathematics; and divergent production tests in mathematics. He 
concluded that the ability to overcome fixations, both algorithmic 
and universe of content, in mathematical problem solving and the 
ability to think divergently in mathematical situations should 
be important components of any assessment strategy for mathematical 
creativity. 

Summer Programs. Heyns (October, 1987) reviewed the literature 
on summer programs and found that they have been described as a 
means for enrichment c** remedial instruction or as a technique for 
reducing cognitive losses during the summer among the disadvantaged. 
Summers are considered important, when the questions of time and 
, cognitive inequality are crucial, but if the question is related 
to the amount of cognitive gain possible, summers are less important. 
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It is generally agreed that children lea-t at a slower rate durina 
thesummer than during the academic year. It also appears thSJ^ 

IrZl ^t^TfTJ.:^ ^t^''^^'^ declines iS cognJtive 

growth than to enhance such growth. 

Single To pic Reviews for Practitioners 

During 1987, the Arithmetic Teacher , published bv the Natinnai 
S°s?Sj e°IaSe™tJL?'t'^J^T'^"' '''^^"^^ research^efa'tef 

?SJ,r'"*; 1987); zero and infinity. Wheeler (November 

1987); and microcomputers. Wilson (December/ 1987) 

crhnnTTT^^*. ^^"'^^ discussed research related to what elementary 
?Sa? tuienl. ?n\"?: probability Se conc?Sed ^ 

DrSbabilJtl 5hi! JJ® ele"»"tary schools have some understanding of 

can « r:nr.j^vt^i'zt iix'^'s^t i^iir' 

Regarding decimal fractions. Hiebert suoqested that- ra> 
ISJ*nJ*"^?:J' ^° decimal f?act?ons aJe another 

r,?MHrn ! fractiors. (b) most errors a!l ?I!se3 

?h,J c?3*'* confus-^on with memorized rules, and (c) many errors 
that students make with decimal fractions a^e not corrected « 
^h?y advance in school. He recommended tf^lt Zl 5i^ Se soent 

ihai^^n^Sr"!:'' fract?Sns a?^ intJSduced 

that ruies should be developed from the meaning of symbols aid 

«nd that disabled students process Information more slowly then 
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normal students. She recommended the use of visual aids, cue 
words, and careful work with vocabulary meanings. 

Garafolo reviewed research on metacognition ind noted that 
students should become watchers, analyzers, assessors, and evaluators 
of their own mathematical knowledge and skills. He suggested that 
teachers ask students to think of everything they do in solving 
problems, what kind of errors they make, what do they do with 
difficult problems, and what kinds of problems are easiest or 
most difficult for them. 

Fuson reviewed research related to adding by counting on 
with one-handed finger patte.-ns. Children first find sums by 
counting the objects representing each of the addends. They 
soon learn that one can find the sum by counting on from the 
first addend. Fuson discussed some of the finger patterns that 
children may employ to find sums by counting on from one addend. 
Before teaching counting on as a method of addition, Fuson recom- 
mended that the children satisfy the following prerequisites: 
(a) understand the basic idea of addition, (b) perfonn addition 
by using objects to model sums less than ten, (c) possess a 
knowledae of small number sums, (d) read and write numerals 
to 20, (e) count objects to 20, and (f) count up to f.ny word 
in a number-word sequence. 

Post and Cramer considered research related to strategies of 
children in ordering rational numbers. They discussed strategies 
children used in the identical numerator situation (2/3, 2/5) 
and in the identical denominator situation (4/11, 7/11). They 
pointed out that words "more" and "greater" lead to confusion. 
For example, "more" can mean more pieces in a partitioned whole, 
or more" can mean more area covered by each part. They cautioned 
that early fraction concepts should be introduced concretely to 
children so that they can bette- develop abstract representations 
of fractions at later times. 

Wheeler traced the research related to children's understandings 
of zero and infinity from the 1930's to present times. The confusion 
between nothing" and "zero" is discussed in addition to the diffi- 
culties associated with division and zero. Wheeler suggested some 
of the following practices to l.elp students develop a better under- 
standing of zero and infinity: (a) use zero in social contexts, 
e.g., street addresses and telephone numbers; (b) introduce Infinity 
with such questions as, "Can you name a larger number?"; and (c) 
discuss infinity in geometrical as well as numerical settings, e.g., 
the number of lines of symmetry for a circle. 
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Wilson observed that research on m1crocor^«jter use in the 
elementary schools supported the following conclusions: (a) 
young children can program in BASIC or Logo, (b) open-ended 
llAll^ programming can help students develop problem-solving 
aointies, (c) instruction supplemented by microcomputer drill- 
JUiSrf programs improves skills, (d) students using micro- 
computers develop positive attitudes toward mathematics, and 

microcomputer is enhanced by teacher assistance. 
; suggested some group activities in which the micro- 

computer is used to solve problems. 

Meta-Anal ytic and Best-Evidence Syntheses 

Reviews of research fall into two basic categories: (a) 

i^l statistical reviews. Narrative reviews 
o^S?3fl!*! T"" !"J«^^zl"9 studies, analyzing their results, and 
sS? ^'"r^P*^^" °^ "*«"^"9 for educational practice. 

ri^lJii rSI^r! Til count the number of significant findings 
compared to the totality of findings or. as more recently, by 
meta-analyz ng the results of studies. Meta-analyses concentrate 
ZTrtl^J^^'' ''^ differences between experimental 

JJ^fJJf ^ group means divided by the standard deviations of the 
inJ^ Jr2"5^* J5«e effect sizes are studied for homogeneity 
and related to study characteristics. The reviews dsscrib^H in 
m25/n^ "*'*]°" narrative; we shall now consider 

JSiJhfJf'^^*' ^^"l^^ best-evidencs syntheses. Best-evid€nce 
syntheses are reviews that attempt to combine the best featun s 
of narrative reviews dnd meta-analyses. 

thp o^sStSJ^-* b?**!^ (February. 1987) meta-analyzed studies on 
f5!nJI5f"''?S?*' °^ kindergarten intervention programs. Sutawidjaja 
L^fifSt"*; ^^^'{ «»*«:«"«lyzed studies on the Use of minipulatiJe 
materials in early number instruction. Mitchell (August. 1987) 
conducted a meta-analysis upon studies comparing the effectiveness 
of innovative instructional methods in lowSr-diJision college 
mathematics courses. Moin (October. 1987) meta-analyzed studies 
comparing the relative effectiveness of various techniques used 

in.5tl?l! ! l^^H^^^il®"! 1987) conducted a meta- 

analytic study of effects of noncontent variables on mathematics 
test performance. 

Lewis studied 444 effect sizes calculated from 65 studies 
involving 3.194 kindergarten children. Strong positive effects 
were found on several variables related to school success including 
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intelligence, general academic ability, arithmetic skills, visual 
perception, and general information. Effect sizes for highly 
structured programs were greater than effects for less-structured 
programs, and long-term effects favored various levels of parental 
in>^olvement. Lewis concluded that his meta-analysis supported 
widespread early intervention programs at the kirtJergarten level 



i A meta-analysis of effects of kindergarten 
; intervention programs favored widespread 
j early intervention in kindergarten. 

I . 



Sutawidjaja conducted a meta-analysis on 19 studies and 44 
effects on the use of manipulative materials in teaching mathematics, 
primarily at the elementary level. Sutawidjaja found that .he 
meta-analysis did not produce definitive, meta-analytic support 
for the use of manipuUcives, and he recommended that more studies 
be completed in which -.reatments are carefully controlled. It 
should be noted that this meta-analysis, probably because of 
the lack of sufficient and rigorous studies, did not support 
contentions of Gruber in the 1840s, Browne 11 in the i930s, and 
Dienes of today that the use of manipulatives enhances early 
mathematical instruction. The reader is also urged to read the 
Suydam and Higgins (1977) review on this topic. 

Mitchell, as a result of her meta-analysis of studies on 
innovative instructional methods in lower-division mathematics 
courses, recownended variations in instructional methods, incor- 
poration of specific innovative methods, and further investinations 
of innovative approaches with students of various abilities. 

Moin's meta-analysis of various techniques of calculus instruction 
revealed the following effect sizes for the following techniques: self- 
pacad methods (0.54), formative evaluation (0.29), computer-assisted 
instruction (0.23), and teaching strategies (0.20). Moin recownended 
that instructional programs in calculus incorporate a remedial program 
for students having difficulties. 

Hembree (May, 1987) meta-analyzed 120 reports of research on 
the effects of noncontent variables on m^-thematics test performance. 
Effect sizes were determined for 18 variables. Conditions that 
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enhanced test performances were testwiseness training, praise, 
word problem pictures, and frequent testing. Conditions that 
lowered performances were the use of "none of these" as a multiple 
choice Item and the presence of extraneous Information In word 
problems. 

Hembree recoinnended : (a) that there should be pretest 
discussions of the type of test, item arrangements, style of 
test^ and instructions regarding guessing; (b) that students 
Should be encouraged to draw diagrams for word problems; and 
(c; that teachers consider frequent testing. 



Following a ■eta-analysis cr studies of 
■Btheaatlcs test perfbmnce, Heabree 
'[•coMBnded that before tests are given 
teachers should discuss styles of tests, 
Itea arrangeaents, and types of questions 
possibly encountered: should encourage 
students to draw diagraas for word prob- 
lem; and should test students frequently. 



^ ^ Best-Evidence Syntheses. Best-evidence syntheses combine 
features or narrative reviews with meta-analytic procedures. 

vSp?? . w*^?7^^^®^^**?,'^^^SY^*'®"<^« syntheses: Slavin (Suirrtier. 
1987) and Slavin (Fall, 1987). 

In the Summer, 1987, best-evidence synthesis, Slavin reviewed 
the literature on achievement effects of groijp-based mastery 
learning in elementary and secondary schools over periods of 
at least four weeks. Slavin described the literature search 
procedures, the criteria used for inclusion of studies (germaneness 
and metl.odological adequacy), and the computation of effect sizes. 
The review found essentially no evidence in favor of group-based 
mastery learning, if the criterion was based upon standardized 
achievement tests. If experimenter-made tests were used as a 
criterion, the effect sizes were positive but only moderate in 
size. Slavin recommended that more research should l^e done with 
long-term applications of mastery learning using broadly based 
.achievement measures. He noted that mastery learning has made 
an important contribution to instructional methods. 
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"Kistery learning theory and research 
has nade an 1^x>rtant contribution to 
the study of Instructional aethods." 

Slavln. Sumer, 1987. p. 208 



In the Fall, 1987, best-evidence synthesis, Slav'n reviewed 
literature related to ability grouping and student achievement 
in elementary schools. He found that evidence did not support 
assignment of students to self-contained classrooms according 
to ability. Slavin did find that cross-grade assignments did 
increase achievement for selected students. Research supported 
cross-grade ability grouping for reading and within-class grouping 
.or mathematics. It was also found that grouping was most effective 
when done for one or two subjects; otherwise, students should 
remain in heterogeneous classes. Slavin tentatively concluded, 
particularly for upper elementary schools that: 



''Stu<tents should renin In heterogeneous 
classes at most tiaes and be regrouped by 
ability only In subjects (e.g., reading 
and ntheaatlcs) In which reducing hetero- 
geneity Is particularly Important." 

Slavin, Fall, 1987, p. 328 



SUMMARY 



In this section, we have reviewed five categories of research 
suninaries: (a) a comprehensive research listing, (b) Investi- 
gations in Mathematics Education , (c) topical narrative reviews, 
(d) single topic reviews for practitioners, and (e) meta-analytic 
and best-evidence syntheses. Each category of review made an 
important contribution to collecting research knowledge for the 
improvement of mathematics education. 
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The research compilations published each year for the past 
17 years by Suydam are highly significant efforts to surnnarize 
and document the research efforts in mathematics education done 

w " y®*^- "^"^ 1^"^"9 not only provides an 

important h storical record but makes available in a single plac- 
research related to many topics. 

.^..J!!n^^^^'!^°"^ Math ematics Education , a quarterly journal, 
critically r-tivlews about ten to twelve research Studies in each 

lu^H,I ^hTci^JL*"*^*!®" ^" mathematics education 

oTZcl \m .u^ " "P*'" ^^'^"S*^^ Shortcomings 

t A^' , . recent research studies reported in Current 

Index to Journals in Education and Resources in Eduction , ^'^^^ 

Topical narrative reviews were completed in 1987 on teachina. 

™^^;i?^;^°^f^'^^'* ^^^^'^ '««"'^"9. fractions. iiJje? 

^Jii^itf^'fl''^*?' programs. Slavin concluded that 

«J ffr'ilJL^®?"'!^^ ^" "^^^^ 9*^"P is rewarded for the sum 

?eain nrTS*:? cf ''''''''' ^f-'" cooplrJtive 

rSjrjnuL !« jroup is not rewarded. Research on fractions 

5n u;JS?ni%'^^lJ difficulties that students experience 

sSrvfJ^fo? ^IJl^i ^"T'' Pr??""""' P^'^''*^^ P"*^^^'® *he best 

service for remediation and possible enrichment of students. 

resea?ri;^I!2„f!2';/^® ^^f^"*^^? Teacher published each month a 
n^^M^r*''!®*' °f a single topic. Such reviews varied from 
SJJnJi I to metacognition. These reviews made 

available significant research results for use by practitioners. 

One of the truly outstanding breakthroughs in research revlew- 

l^lrllZ:^ "^It ?! ^"*«'^"C*io" of meta-analyses. lJta.anaIyf7s 
represents a method for statistically sunning the results of many 

?L?i^.°!!/n'^"^I? °' *°P^"- Best-eJidence syntheses3ine 

^^^^^^^ ^'^^^ meta-analyses. Meta-analyses were 

?n ea??v nJlTrifJ P'^^^^™^' nanipulativelteHaU 

I«i?f - instruction, instructional methods in lower division 

CO lege courses, calculus instruction, and noncontent variables 
related to performance on mathematics tests. Best-evidence syntheses 
were done on mastery learning and ability grouping. ^yntneses 
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VII. EPILOGUE: RECOffCNDATIONS FOR FUTURE RESF'O'^H 



During the International Mathematical Congress in Paris in 
1900, the great David Hilbert defined 23 mathematical problems 
whose solutions he felt were important to the development of 
mathematics in the years ahead. Hilbert must have felt that 
mathematical research needed direction so that it would not wander 
along unproductive paths. Hilbert was correct in his assessment 
because the progress of mathematical research has been measured 
in terms of the number of Hilbert problems that have been solved 
(Kramer, 1970, pp. 627-628). 

Although there are many significant differences between mathe- 
matical research and research in mathematics education, it would 
seem that, from time to time, members of the field should stop 
and define the most significant problems that need investigation 
so that the field collectively does not wander along unproductive 
S ?5*u.?l*''?"9h the writer clearly recognized that he is not a 
David Hilbert and that the directions for the field should be the 
collective wisdom of the leaders of the field, he will nevertheless 
attempt to formulate some important problems that became apparent 
during the reading of hundreds of studies for this review of mathe- 
matics education research reported in 1987. 

An Agenda For Research 

In the next several pages, an attempt will be made to identify 
eleven problem areas whose study and investigation should be 
important to the advancement of the field of mathematics education 
during the years ahead. Problems will be defined in the broad 
areas of historical studies; problem solving; computers; early 
learning including constructivism, developmental activities, 
diagnostic activities, drill and practice, grouping practices, 
i.nd team teaching; mathematical anxiety;- gender differences; low 
achievers; textbooks; international studies; models of teaching; 
and evaluation. These areas are not mutually exclusive, so that 
there will be some overlap in their discussion. 

J* Historical Study of Curriculum Development . If one reviews 
JJ« "ifwry of the evolution of the mathematics curriculum since 
1900, it appears that thrae forces have influenced its development. 
.These three forces are psychological, sociological, and structural 
or disciplinary. From one period to the next, it seemed that one of 
these forces dominated to a greater extent t^r. the other two combined. 
For example, the modern mathematics movement of the late 1950s and 
early 1960s seemed to have been dominated by concerns for the -disci- 
pline of mathematics, the curriculum of the 1930s by sociological 
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aims, and the curriculum of the 1970s by psychological factors This 
analysis is obviously an oversimplification of the forces affecting 
the mathematics curriculum. But what are the forces? Are those forces 
subject to change? Can they be changed? 

Recently, the National Council of Teachers of Mathematics 
developed standards for school mathematics. Can these standards 
be implemented readily and efficiently? Without understanding 
the forces that shape the curriculum, the task may be difficult. 
Are there cultural factors in operation in this country that 

li ^^"^^ seei" that a careful study 

Of the histor cal evolution of the mathematics curriculum done 
by bona fide "mathematical-historians," that is, researchers 
with scholarly attainments in both mathematics and history, would 
make a major contribution to the understanding of the forces 
influencing change in the mathematics curriculum. 

2. Problem Solving. "Problem solving" has been the center 
of keen interest during the 1970s and 80s. It has been the subject 

®!?"*^®!: ^P!?^'^ workshops, institutes, and much research. 
Almost all mathematics educators would agree that the ability 
wO solve problems Is paramount among the skills that children 
Should learn in school. Certainly "problem sol vino" has been 
the catchword of the 1970s and 80s. " 

If problem solving is so important, why isn't it evaluated 
on more standardized examinations? The obvious answer to that 
question is that problem solving is simply too difficult or, 
perhaps, impossible to evaluate by ordinary paper-and-pencil 
Items. Are there other ways that problem solving could be tested? 
could it be assessed using a new technology? If we wish to teach 
problem solving in the schools and have teachers adopt this as 
an important goal, then we must find ways to measure problem 
solving. If we continue to test only basic computational skills, 
then teachers will continue to emphasize computational skills 
and provide limited, lip service to problem solving. 

nn »J\ /ST5^^^ ' ^^seef clear that we should call a moratorium 
on two kinds of research related to computers and think very care- 
fully about a third kind of research. Much research at all levels, 
elementary through college, has focused upon comparing computer- 
assisted instruction or some computer-enhanced form of instruction 
with traditional lecture-type teaching. The results have not been 
c ear. in some cases, the computer won the comparison race; in 
other cases, the computer lost. What does seem clear from this 
research is that the computer has not caused any damage to students. 

The second type of rese rch that has led to few useful 
conclusions is that searching for some side-effect or by-product 
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of computer use. Most often this research takes the form of 
attempting to measure problem- solving skills before and after 
students have engaged in a programming activity. The results 
are usually highly inconclusive. 

It seems that we should abandon both kinds of research, that 
is, comparison research and search for by-products, in favor of 
studies that attempt to find ways to incorporate computers, calcu- 
lators, and other technologies into the traditional classroom. 
These are marvelous tools and our efforts should be expended upon 
searching for the best ways to capture their values to enhance 
instruction. 

The third kind of research that should be carefully reexamined 
is that research that models the mind after the computer. Reports 
of this research are filled with the jargon of information processing 
words, such as, encoding, retrieving, long-term memory, short-term 
memory, chunks, traces: a rhetoric that seems to imply a profound 
theory. Is the model of the mind as a computer a useful and adequate 
analogue? Are there other models that would be far more useful' 
Is the mind more a radio receiver, a transmitter, or both? The 
problem with analogues is that they impose serious restrictions 
upon the original entity that the original entity may not at 
all possess. It may be that the mind as a computer is a highly 
restrictive model for research, especially, related to a subject 
as highly complex as mathematics. 

4. Early Learning. Suggestions will be made in this section 
concerning constructivism, developmental activities, diagnostic 
teaching, drill and practice, error analysis, grouping practices, 
and team teaching. 

a. Constructivism. Constructivism is a topic of considerable 
research activity. The idea of children constructing their 
own knowledge of mathematics is intriguing. Studies that 
describe children's attempts to develop algorithms for 
computation are fascinating. One cannot be less than 
impressed with the creativity of children and the novelty 
of their thinking. Most mathematics educators probably 
feel in their bones that these children are developing 
foundations for later mathematical development. But are 
they? It seems implicit in these research efforts that 
children constructing their own knowledge is better than 
meaningfu. instruction followed by drill and practice. 
But is it? Surely, if we expect teachers to adopt a 
constructivist's viewpoint then they must be provided 
evidence that this is a profitable mode when compared 
with meaningful instruction followed by drill and practice. 
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• Developmental Activities. Research seems to indicate that 

frequently neglect developmental 
JSrjlVS activities that attempt to provide 

the foundations for later understandings of a concept or 
111* M^^l^l^ mathematics. Past research efforts indicated 
that developmental activities are a crucial ingrediant in 

JhfS ?r^"!?^®*'^?®^®l?P^"^«l "^^^ "^^^ students? Do 
they lack the mathematical backgrounds to provide this 
ingredient? Do the textbooks that they use neglect 

JrfJS'^"^*-*"^^^^^^®^^ ''O"!*' mathematics specialists 
nl«»l!. lT"?r^' ^^•ades provide such activities to a 
2Jn?i LnJ^M^ than generalists? Many mathematics educators 

J^cfam^s i Mr^'! ^^'^ '5' ^""^ °^ mathematics 
ISt is it? elementary grad.j is the primary reason. 

often^fdln/Scil^l^l^H -. ^i^'^^'t^ ^« indicated that teachers 
lllV.firT "^^PJ5 ^o^- teaching episodes, when a diagnostic, 
S;?IiJIc'I/EP'*°??^ Scripts are prearranged 

sJrfn?; ^? Jl.r??*''^^ "® ^" The problem with 

?SrI cLif i^'^ ™y completely ignore the difficulties 
that students are experiencing at a particular time. t 

tl Jr'iJi^ ^^'^ ""^P^' ^" higher education 

Itorl nf fyl't'^V pre-college education. The 

no?es ?s iStl'kniSn'" '''''''' ''''''' 

^® scripts, when a diagnostic, 

J^il'wh « "^^^^ °^ efficiency, 

or have teachers simply never developed a diagnostic, 
analytic mind set when it comes to teaching? it seems 
5n.^!L^5'h"?^®I?*^^" education would be substantially 
SZt w U"55?" ""^^ concerned w.th analyzing 
student difficulties than ^rerely "covering the book." 

^!"^^\;^^^':°;f ' ; significant body of research has 
grown about studies designed to define and count error 
f! students. This has been done extensively 

in the elementary years, to some extent with algebra 
in high school, and also with remedial mathematics courses 
at the college level. The emphasis of this research 
mfrhfi;?^ ^ «\]dentification of errors and usually 
mechanical explanations as to why the errors occurred. 
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While this research has b en fascinating and carefully 
done, it has often neglected an analysis of possible 
misconceptions that lead to particular error patterns. 
Now that many kinds of errors have been identified and 
described, it would be fruitful for researchers to select 
a particular error pattern and attempt to determine 
what kinds of misconceptions or misteaching led to that 
particular error. Such research would probably employ 
Clinical methods and large samples of students to fix 
the cause or causes of the error patterns. Once these 
causes have been isolated, they could be altered in 
the curriculum. 

Drill and Practice. With the current emphasis upon 
problem solving and discovery learning, the words "drill" 
and practice" have become oejorative, particularly 
to researchers and lea^ars In mathemati<:s education. 
Yet when one visits a classroom, particularly in the 
elementary schools, there is ample evidence that drill 
and practice are very much alive in the schools. Do 
teachers have access to a conventional wisdom about 
drill and practice that has escaped so many mathemati';s 
educators? Do '.ers employ drill and practice because 
they have nt jeen trained in other methods? One can 
only specuice at this stage; whereas, observations and 
intervlewi with teachers might reveal the real reasons. 
Some reasons will be associated with the content of 
proficiency and standardized tests. As long as tests 
stress short, quick, recall responses to sequences of 
isolated items, teachers will attempt to prepare their 
students for such exercises by employing drill and 
practice long after its real values may be exhausted. 

Grouping Practices. In-class grouping of students for 
reading in the elementary graces is a commonly accepted 
practice. Stories about the "red birds" and "robins" 
are legion in the northology that has grown about reading 
instruction ir the elementary classroon:. Yet, when 
it comes to mathematics instruction, teachers tend to 
resist grouping practices and prefer a lock-step approach 
for all students. The result of this approach is often 
bored students at the top of the ability levels and lost 
students at the bottom. It would seem that if grouping 
has been effective for rr-ding instruction that it should 
also be useful for mathematics. Again, why aren't in-class 
grouping practices a commonly accepted method for mathematic 
instruction? 

Team Teaching. The use of teachar aides, peer tutors, 
parent volunteers, and student volunteers is becoming more 
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and more coninon 1n schools. The Interests of industries 
and business In the classroom are also growing. One 
cannot help but feel that this trend will have highly 
beneficial affects upon children's learning and the 
schools. Has enough research effort been expended in 
order to find the most efficient ways to use this supply 
of talent? Parental volunteers are useful for grading 
papers, but are there many other ways that they can be 

^ IV^ probably true that creative teachers have 
utilized this pool of talent in highly creative ways, 
out their experiences should be tested and disseminated 
to the mathematics education community. 

torn. L.?^?''^^^^4^5§^- anxiety" is a cownonly used 

term today. Jesearch efforts have been expended upon identifying 
levels ot mathematical anxiety in various classifications of ^ 

^itTrll !?**5?^ mathematical anxiety. 

Research seems to indicate that it is related to -test anxiety" 

E.VS!J*Sir3^;*r°"' 'II'^!?*^' ^^^^^ ^^^^^ »«earch efforts 
^'^^^^^ «"<'«'>le and probably should continue in 
the future, one cannot help but wonder if the role of the "caring 
JnJJfjC;?*' ""^'^ the "uncaring teacher" have been investigated 
S^n^! r.K^*!f*''^f''^^* students are asked to identify 
l^lZl successes, often the elementary 

L5I?J..5?5®° teacher is identified as having made a significant 
contribution. Since the teacher is so important to the life of 
the student, what is the part that the teacher plays or does not 
lllLll J'^Ji^"? student mathematical anxiety? Greater research 
efforts in identifying the characteristics of the truly "caring 
teacher might pay big dividends towa»« the eradication of mathe- 
matical anxiety. 

6. Gender Differences. Research has documented chat there 
are differences between males and females. For example, it has 
been hypothesized and partially ver 5ied that females with high 
mathematica] skills also have high erbal skills, whereas, males 
may have high mathematical skills with low verbal skills. Female-> 
tend to e/cel in mathematical tasks requiring precision of efforts; 
males tend to have greater spatial abilities. Of course, great 

a'Je andVl^les 
ilL^J w JJI?®"®"**®?!^^- Obviously, they are highly capable 
women and highly capable men and lesser gradations of talent in 
each of the sexes. 

The documentation of these differences is evi ?nt, but the 
question as to why these differences are observed is still clouded. 
Are there Inherent differences in males and females or are the 
primary reasons cultural and soc.al? The answer to those questions 
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would play an important part in designing educationa' opportunities 
for girls and boys that might compensate for inherent, social, 
psychological, or cultural differences in males and females. 

7. Low Achievers . One of the scandals of mathematics education 
the manner in which low achievers have been treated. From the 
early grades, the low achiever is reinforced with the idea that he 
or she is poor in mathematics. As a consequence of this, students 
often reach high school unable to study algebra. Because these 
students cannot negotiate the conventional curriculum, they are 
freo..nntly "warehoused," that is, placed in classes where repetitive 
performance of computational skills is offered as the only academic 
mertu. The result is a student who has not learned to cope with 
simple mathematical problem solving required in purposeful occupations. 
Often these students continue into remedial college courses where 
they may ga'n the needed skills. 

Research related to low achievers could proceed in several 
directions. Language is one area that could profit from more 
study. For example, it has been shown that some oriental languages 
have greater congruence with number than other languages, but by 
the same token could the language of some low achievers lack a 
congruance with mathematical concepts that makes learning difficult 
for them? " 

Greater efforts should als6 be expended upon developing courses 
that are truly geared to the low achiever. These courses do not 
have to be less mathematical nor must they be technically oriented, 
that is, mathematics for particular occupations, but they must be 
designee lo capture the interest and motivate the low achiever. 

The teacher of low achievers must also be special. They must 
tolerate difficult teaching assignments and often unruly youngsters. 
They must believe in laboratory, hands-on learning in mathematics 
and possess the patience to perform under trying conditions. The 
orice of success is well worth the efforts for these teachers. 

8. Textbooks. In 1979, Begle wrote, "Any two textbooks 
differ on so many variables that it would be almost impossible 
to trace the specific variables which cause a specific difference, 
and without knowing which variables make a difference, we do 
not know where to start to improve textbooks" (Begle, p. 73). 
The research situation has not improved since Begle wrote that 
discouraging observation. Nevertheless, textbooks are important. 
Millions of dollars are spent each year buying them. The textbook 
remains the heart of the educational scene in many, nany schools. 

Since textbooks are so important, they deserve research 
attention. What features of textbooks are important? Does the 
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use of color enhance the learning process? Can textbooks be 

?Srf ^^^^ technologies? The answeri to questions similar 
to these could, perhaps, save millions and possibly improve learning. 

iin^^.w'c^'r^^?^^^?"^^ Studies. Newspapers headline that the 
.^w^^i? **?*5'!J°^* international rac- In mathematics 

.n?tS 5tJlf c""^?" ^'^^^^^bl^g the ways in which students 
Of the United States performed poc-ly in comparison to many other 
countries. basic questions should be answered in relation 
to these International contests: (a) Are the objectives tested 

JLHral"S™??; 'i"^^!? T^^y )T^*"* and crucial to 
tZitJSt '"^ Objectives are 

important, then how do we improve our students' performances 
so they can compete successfully? 

will *S!!^!r^ questions, they 

will respond that the objectives of international tests are not 
;"^oWectfves. and. even if they were, tha? so2?al 

rliMl^l ^^^^ *He parents of Japanese 

children are more interested in education than parents of U S. 

so cJZ; ^/f^^Il' ^"^II ^r'^e? Are the cultural and social factors 
JLi'^J^ o^®"^®!" the effects of school efforts? It 

iavs ]fJi;Jc*5hJ%3"Si*^°'" S*" ^ ^^^^'^^^^^ ^" highly meaningful 

.®^°r*^ ^ expended to answer them* if we continue 

to place impcrtance on the results of international studies 

. Models of Teaching. Many school systems have adopted 
nwdehj for teaching. These models outline the steps that a teacher 
shou d pursue in presenting lessons in the classroom. While thesl 
models may help and guide teachers in organlzinl the r JreslnmJons. 
they may not fit mathematics instruction! For example, some 

M^nl'd^^nc?"'*?! "^^'tl^^^^^^*" ^f"* departu?« froS^he . 
planned instruction. While routinely "getting off the sublect" 

™?as?Jns''i2':h;;i'?h'%^''\'^^ '"^'•"^ ""^'^^ 

?Sc?r.?JM ^^^"" -^"^ *° ^'eP^^* ^^0" planned 

IlMiln? ' question, diagnose a 

student difficulty, or engage in group problem solvirg! 

Hounilll® ^5 mathematics educators to 

?M? 2Su?d"^^^?'5^^"'J specifically for mathematics instruction 
n! LJm « "^r^l* departures from planned instruction for episodes 
SelcCJ Sv'JL'r!;^ diagnostic teaching. Such models woSld be 

ch]J«?5pHctJ^rJr' T.^"^ ^ *° *he distinctive 

Characteristics of mathematics instruction. 

CO ^JJ; ^^;;]";"^]0" - ^Many teachers will complain, and rightfully 
so. that tests drive the curriculum rather than the curriculum 
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driving the test. Teaching for the test is all too common in 
American education. This attitude motivates extensive drill 
and practice on items that may appear on tests. Many tests deal 
with problem solving in superficial ways and emphasize routine 
computational skills. Calculators are often tanned from testing 
sessions, largely because they would probably reduce the "validity" 
Of the tests. Paper-and-pencil tests so critical in American 
education need a careful review as to their proper place in mathe- 
matics instruction. 

We must find alternative methods of evaluation. Projects, 
notebooks, extensive problem-solving sessions, and writing about 
mathematics are a few alternatives that 'fiould be tried. A multi- 
faceted evaluation mode] that would include these elements is needed 
and must be accepted by teachers, students, and the community in 
order to be effective as an evaluation strategy. 



SUMMARY 



In this epilogue, we have considered recommandations on 
eleven topics: historical studies; problem solving; computers; 
early learning includint, constructivism, developmental activities, 
diagnostic activities, studies of errors, drill and practice, 
grouping practices, and team teaching; mathematical anxiety; gender 
SlrM^n! l°M ^*^^^«^f«i textbooks; inter tional studies; models 
Of teaching, and evaluation. Improvement in ..at.nematics education 
IS an Important goai in American education, and it will reotre 
the collective efforts of all members of the educational enterprise 
including students, teachers, supervisors, administrators, rarents, 
and researchers in mathematics education. 
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